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Electrostatic Noise in Non-Maxwellian Plasmas:
Generic Properties and ‘‘Kappa’’ Distributions

YVES F. CHATEAU! AND NICOLE MEYER-VERNET

Recherche Spatiale, Observatoire de Paris, Meudon, France

We study the generic properties of the electrostatic noise spectrum measured by an antenna
immersed in a plasma with an isotropic electron velocity distribution function, at frequencies of the
order of magnitude of the plasma frequency. We find that at high frequencies the noise level is
proportional to the electron pressure for long wire antennae and to the electron flux for long
double-sphere antennae. At low frequencies it depends mostly on the low-energy electrons. We also
study the shape of the peak near the plasma frequency, for distribution functions with Maxwellian or
power law high-energy tails. We calculate the nojse produced with a generalized Lorenzian (‘‘kappa’’)
distribution function and compare the results with those obtained with different distributions having
the same density and equivalent temperature. We deduce some practical consequences for plasma

wave measurements in space.

1. INTRODUCTION

Although the conventional use of electric antennae is for
remote sensing by detection of electromagnetic waves, they
can also be used for in situ measurements, by detecting
electrostatic waves produced by the random motion of the
ambient plasma particles. The spectroscopy of this quasi-
thermal noise near the plasma frequency is currently used
for measuring electron parameters in space plasmas [see
Meyer-Vernet and Perche, 1989 and references therein]. It is
also planned to be used on future missions such as Ulysses
and Wind in the solar wind, and CRAF and Cassini in a
cometary and the Saturnian environment, respectively.

This method is complementary to conventional electron
analyzers; in effect, since it ‘“‘sees’” a much larger plasma
volume, it is less sensitive to spacecraft and secondary
particle perturbations, so that it works better than conven-
tional analyzers at low temperatures; in any case, it becomes
less efficient when the temperature is so high that the Debye
length becomes larger than the antenna length.

This method has been studied for realistic antenna geom-
etries by using a simple model of velocity distribution, made
of two Maxwellians [see Meyer-Vernet and Perche, 1989 and
references therein]. More recently, it has been extiended to
flat-top distributions [Chateau and Meyer-Verner, 1989}].
The aim of this paper is to study more general distribution
functions, and to derive some generic properties of the
quasi-thermal noise as a function of the electron velocity
distribution.

More precisely, we will try to answer the following
questions: What are the model independent properties of this
noise, if they exist at all? Can one deduce global plasma
properties from the noise spectrum detected by a given
antenna, without taking a particular model for the distribu-
tion function?

As an illustration, we will calculate the noise produced
with generalized Lorenzian (‘‘kappa’’) distributions [Vasyli-
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unas, 1968; Olbert, 1968]. This form has the advantage of
being analytically tractable, while representing rather well
the electron distribution in different media such as the solar
wind or planetary magnetospheres; indeed, it is not very
different from a Maxwellian at low energies but has a
high-energy tail with a power law form. Therefore these
calculations can be easily used to generalize the theory and
its applications to distribution functions having a power law
tail.

We will compare the results obtained with different distri-
bution functions, in order to illustrate the generic properties
of the noise, and finally deduce some practical consequences
for plasma measurements in space.

Unless otherwise stated, we shall use SI units.

2. Basics

We study the following problem. An electric dipole an-
tenna is at rest in a homogeneous infinite plasma. The
antenna is assumed to be gridlike and at zero dc potential
and is defined by its current distribution J(r). We will
consider either thin cylindrical wire dipoles of tip-to-tip
length 2L or dipoles made of two small spheres separated by
L, of radius a much smaller than the Debye length; we
assume wL/c << 1. The plasma is defined by the electron
velocity distribution f{v), assumed isotropic, and by the
(angular) plasma frequency w, = (ne?/ggm)'2, n being the
electron density. The ions are assumed to be stationary,
since we restrict our analysis to frequencies of the order of
magnitude of w,,.

We then calculate the power spectrum V2 of the voltage at
the antenna terminals. From Nyquist’s theorem this guahtity
would be 4kz TR in the special case of thermal equilibrium,
R being the antenna resistance; note that in practice, R only
involves the electrostatic part of the field, since this contri-
bution is generally much larger than the electromagnetic part
[see Couturier et al., 1981] (and the space plasma involved is
generally optically thin for electromagnetic waves). For
nonequilibrium but stable distribution functions, V2 is cal-
culated by using the correlation tensor of the electric field
fluctuations in the plasma, E;(k, w) in Fourier space, which
is a known function of f{v) [e.g., Sitenko, 1967].

As is well known, this noise can be viewed and calculated
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as the fluctuating electrostatic field due to the motion of
passing plasma particles, ‘‘dressed’’ by the dielectric func-
tion £ (k, w). Broadly speaking, this means that for v < w,
the antenna mostly sees the shot noise of electrons passing at
distances smaller than the Debye length (see equation (9)),
while for w > w), the plasma temporal dispersion (i.e., the
variation of ¢; with w) also becomes important and the
electron motion induces damped longitudinal plasma waves.

We start from the expression of V2 deduced [Chateau and
Meyer-Vernet, 1989] from the correlation tensor E;(k, w)
and the antenna geometry:

16mw? (o«  F(kL)B(k
TEp 0 k*le ]

1)

27 [
Bk) = — I dv yf(v) 2)
k wlk

27Twp2 +oo
£L=1+ k I d

where vy is the component of v parallel to k and the
distribution function is normalized as

1y flyp)

o ——
"kv"—w—lo

(3)

J d3v flv) = J dv 4mv*f(v) = 1

The term io denotes an infinitesimal positive imaginary part,
and the function F specifies the antenna geometry as

1 2 X
F(x)=- [Si (x) — 1 Si 2x) - - sin* (—)} (wires)  (4)
X X 2

1 sin x
F(x)=-|1- (spheres) &)
4 X
where Si is the sine integral function; for the wire antenna we
have assumed that the current varies linearly with the
distance to the antenna feed point [see Couturier et al.,
1981].
Note that from (3) the imaginary part of ¢, is

szww: w
Im 8L=T ; (6)

3. GENERIC PROPERTIES OF
THE ELECTROSTATIC NOISE

We will characterize the noise V2 in the most general way,
i.e., as a function of the (angular) plasma frequency w, and
of the other moments of the distribution function f{(v) defined
as

(") = f d3v v'flv) = j dv 4mv" T 2flv) 6]

We define the equivalent temperature as
T=2- () (®)
BET T

We will study the specific cases w << w,, (but still much
larger than the ion plasma frequency), © > w,,and 0 = w,.

CHATEAU AND MEYER-VERNET: NOISE IN NON-MAXWELLIAN PLASMAS

3.1. Low Frequencies

Let us consider the limit w/kv — 0. The dielectric function
(3) becomes

471'«)3 o0
[ M 1+ k2 I d'U_f('U)

0

which can be rewritten by analogy with a Maxwellian
plasma, in the form

1
£L=1+m 9)

where the Debye length is defined as

-1/2

Lp= 47w’ r duf(v) (10)

0

Note in passing that in the particular case where f(v) is
Maxwellian, this definition yields the Debye length as a
function of the temperature as

kBT 1/2
Lme ) ( 2)
maw

P

1

In general, however, Ly # Lp__, although both quantities
are of the same order of magnjtudc. Hereafter, we shall use
Lp_, ., when we need an expression depending only on w,
and the equivalent temperature T (8), but not on the partic-
ular shape of the distribution.

Taking the low-frequency limit of (2), we deduce from (1)
(making the change of variable y = kL p) the variation of the
noise with the distribution function f{(v),

8m [ r= o “! re  yF(yL/Lp)

2 _ A
ve= TEg I:J;) de):”:J;) dvﬂv) J;) dy (1 + y2)2

(12)

First, let us consider long antennae, i.e., L/Lp >> 1. The
function F can be approximated for large arguments by

F(x)~— x3>1 (wires) (13)
4x
F(x)=1% x>1 (spheres) (14)
We thus obtain from (12)
a2 . o -3/2
vi= “ dvzf(v)”f dvﬂv)] (15)
48 opr 0 0
L/Lp>1 (wires)
m [ w ® -1
yi=—o I dvuf(v) J duf(v) (16)
mEQ 0 0
L/Lp>1 (spheres)

Second, consider short antennae, i.e., L/L, << 1. The
function F can be approximated for small arguments by

F(x) =~ x*24 x<1 (wires or spheres) (17)
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Inserting (17) into the part of the y integral in (12) where
yL/Lp < 1, we obtain for both the wire and the sphere
dipole antennae

imow 3L2

Vi=——"1In (Lp/L) + O(1)] I B dvuf(v) (18)
380 0

L/ILp<1

Looking at (15), (16), and (18), one sees that whether the
antenna is made of wires or spheres, and whether it is large
or small, the low-frequency noise level depends on the lower
moments of the distribution function f(v), and thus mainly
on the lower-velocity electrons. We expect, therefore, that it
will be nearly insensitive to any high-energy tail of the
velocity distribution.

3.2. High Frequencies

Let us now consider high frequencies, i.e., @ >>w,. In this
case we can make the approximation £; = 1 in (1) and thus
obtain

, 32mo 2 (e F(kL) (=
V= J dk — f dvyf(v) (19)
€0 0 k wlk
which can be rewritten
R2mo? (= «  F(kL)
Vi~ J dv yf(v) I dk 3 (20)
€p 0 wlv k

For antennae satisfying wL/w,Lp >> 1, we approximate
the function F by using (13) or (14) depending on the antenna
geometry, and we deduce the noise power spectrum

V2~ T "3 (%) wl/w,>max [1, Lp/L] (wires)
EoLlw X
(21)
2
2 MYy
V2=~ — (v) olw,>max [1, Ly/L] (spheres)
0

(22)

where the moments of the distribution function are defined in
™.

We therefore obtain the very interesting result that the
high-frequency electrostatic noise is proportional to the total
electron pressure P for long wire antennae and proportional
to the total electron flux J for long double-sphere antennae:

2¢?
2~ .
V= ILma’ P w/w,>>max [1, Lp/L] (wires)
(23)
2 4e? -
Vim————J w/w,>max [1, Lp/L] (spheres)
TEGM®

(24)

where P = nm(v?)/3 = nkT and J = nm{v)/4 and where the
equivalent temperature is defined in (8). This generalizes to
any stable distribution function, the results previously found
[Meyer-Vernet and Perche, 1989] for distributions made of a
sum of Maxwellians.
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3.3. Frequencies Just Above the Plasma Frequency

Let us now consider frequencies w ~ w,.

For short antennae, i.e., L/L << 1, we expect that the
noise V2 will not vary greatly with frequency [Meyer-Vernet
and Perche, 1989]; indeed, antennae of length L are mostly
sensitive to wave numbers k = 1/L (see (4) and (5)), i.e., to
k >> 1/L p for short antennae; this means that the range w/kv
<< 1 should play the dominant part in the integral (1), so that
the results obtained in section 3.1 should hold also for any
frequency of the order of magnitude of the plasma fre-
quency.

Let us now consider long antennae, i.e., L/Lp > 1. We
then take the opposite limit w/kv >> 1; considering suffi-
ciently well-behaved distribution functions, we use the
asymptotic expansion of (3) in powers of kv/w,

2 2 4
) k
ReeLzl—w—’z’[l+F(v2)+m<v4>+_,_-| @5)

i

Hence the nearly real zero of ¢;,

. © w2 . 12
o TmlT 2
<_U2)1/2 wz

which is analogous to the usual Langmuir wave in a thermal
plasma.

We now calculate the contribution of this zero to the
integral (1) giving the noise. Writing for k = k,

(26)

R (k k o Re Er
eeL~ 0) Py
d Re ¢ 2w;k0(v2)

ok w?

we deduce the contribution to V2,

, 16mw} \ dRe e -
Vo = F(koL)B(k()) ko Im &y —/———
LX) ak
k=k,
and hence
imw F(koL)B(ko)
2 P
=~ L/ILp>1 27
m2e o(vz)ﬂw/ko) b @n
with B(k) given in (2), thus
2% (=
B(ky) = — I dv yf(v) (28)
ko w/ko

Hence when k is given by (26), the noise exhibits a cutoff
at v = w,, with a peak given by V& just above w,. This peak
depends, through B(k)/f(w/kg), on the distribution function
for velocities v = w/ky. Thus for a given value of w/w, the
noise depends on the electrons of velocity

® ('U2> 1/2
> == |——
T Tk |(@dwlo1)

3kpT\"?
= ) (29)

2mX

where we have put
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w
X=—-1x1
@p

so that the high-energy electrons determine the noise near
@p - )
Note that a relativistic treatment would be needed if
relativistic electrons contributed much, namely if v, were
not much smaller than c; this occurs when X = w/w, — lis
equal to or smaller than
(v? _
Xp=7—5~2.5x10""T(K)

2c 30)

Therefore, in the usual space plasmas this problem occurs
only for very small receiver bandwidths; for instance, in the
solar wind it only occurs when w/w, — 1 is smaller than a
few times 10 7%,

It must also be kept in mind that the approximation (26) of
kg is not valid for any distribution function; in some cases,
the first terms of the asymptotic expansion (25) may not
represent a correct estimate (even though a relativistic
treatment ensures the convergence of the high-order mo-
ments (v")), and other nearly real zeros of ¢; might appear.
In practice, however, this problem only occurs in the rare
case when the contribution of the very hot electrons to the
pressure is dominant.

Now, let us deduce the shape of the peak for different
high-energy electron distributions.

First, let us assume that the high-energy tail of f(v) is a
Maxwellian whose temperature is Ty; = mv}/2, such that

Sflv) = exp (—vz/vfi) v=y, (1)
v,, being defined in (29). In this case, B(kg)/flw/ky) x 1/kq,
and (27) yields

dmw ,F(koL)vg
T meo(vdke

2

LILp>1 (32)

for frequencies such that (31) holds. Since F(x) x x2forx—
0, one has V& — 0 when w — w,, and the noise has a peak
at the value of w/w, corresponding to the value of

koL =|—
° (3 ) LDmuw

for which F(x)/x is maximum [Meyer-Vernet and Perche,
1989]; the peak occurs at X = w/w, — 1 ~ 8(Lp__/L)?* for
the wire dipole antenna (and a value about 2 times larger for
the double-sphere dipole); its width is of the same order of
magnitude, defining the ‘‘width’’ as the relative frequency
band for which the noise is larger than about 1/e its peak
value. The amplitude of the peak [Meyer-Vernet and Perche,
1989] can be put in the form

) ~0.05(kaT)”22£

max ) T LD
Ty L
~2x 107" —— 33
M~ L, (33)

for the wire dipole antenna (and a value about 30% larger for
the spheres).
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Let us now assume that the high-energy tail of f(v) has a
power law shape

flv) x ™" v=y,

(34

In this case, we expect a more spiky behavior for V§ since
B(ky)f(wlky) = 1/k3, so that (27) yields

,  8mw,FlkoL)

~—_— L/ILp>1
0 weoln — 2)(v2)k8 b

(35)

for frequencies such that (34) holds.

Equation (35) exhibits an important difference with the
Maxwellian case: the function F(x)/x> — « when x — 0,
without having a maximum at x # 0. This would yield V& -
® for w — w, if the electron velocities were allowed to
become infinite, but as indicated above, equation (35) is not
valid too close to w,, i.e., for X = X, (X,, being defined in
(30)). To obtain the peak behavior, we approximate F by (17)
for kgL << 1, and we get

, 0.04(mkgT)'? ( L \?
T en—-2)X" \L,

(36)

for
X, <X=uwlo,-1<(Lp_/L)’<1

(and X such that (34) holds, v, being given by (29)). Thus the
noise has a finite peak at X of the order of X, and a width (at
1/e level) of the same order. In practice, this part will
generally be hidden by the finite frequency resolution Aw/w
of the receiver, so that the apparent peak amplitude will be
of the order of the value given by (36) where X is replaced by
Aw/w (assuming the resolution Aw/w < (Lp__/L)? and of the
order of the relative bandwidth, so that the noise measured
should be of the order of the mean of (36) over the bandwidth
Aw). In practice, however, this part of the spectrum might be
modified by the antenna impedance as discussed in section
3.4,

In short, for long antennae, while the cutoff of the spec-
trum occurs at the plasma frequency, the fine structure of the
peak just above w, depends on the shape of the high-energy
tail of the velocity distribution. More precisely, if it is
Maxwellian, then the peak occurs above w,, and its width is
of the order of 8(Lp/L) 2. on the other hand, for a power law
tail the peak is neatly at w, and is sharper (and it has also a
fine structure of relative width (v2)/2¢2, which is generally
hidden by the finite receiver bandwidth).

An important question therefore arises: Consider an ex-
periment having a frequency resolution Aw/w insufficient to
resolve the fine structure of the peak. In this case, one
cannot deduce the high-energy tail of f{v); more precisely,
one cannot deduce f(v) for v = [(v2)/QAw/w)]"?, except if
these electrons contribute significantly to the pressure or to
lower-order moments of f{v). But one can still deduce the
plasma frequency and the other low-order moments of f(v),
by using the other parts of the spectrum.

3.4. Antenna Impedance

The voltage power spectrum calculated above appears at
the antenna terminals. In practice, however, the antenna is
connected to a receiver with a finite impedance Zy. It is
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possible to build receivers with an input resistance of the
order of 10° ohms or larger, but one cannot eliminate, in
parallel to this resistance, a ‘*base’” capacity C,, due to the
receiver input capacity and to the antenna erecting mecha-
nism, which is usually of the order of a few tens of picofar-
ads, so that one generally has Z; =~ 1/iC,w.

A precise plasma measurement therefore requires calcu-
lating the antenna impedance Z = R + 1/iCw, from which
one deduces the receiver gain

r2o v? (c +Cp

(37

2
=—= + (RCpw)?
VIZQ C ) ( Bw)

The antenna impedance is given by [Meyer-Vernet and
Perche, 1989]

4i w  F(kL)F ,(ka)
Z=— f dk .
T Egw 0 Er

(38)

where the function F is given in (4) or (5), and F, takes into
account the finite radius a of the antenna as

F.,x)= J%(x) wires

sin x|?
F,(x) = ¥ spheres

Indeed, although for a/Lp << 1, both the real part of Z and
V2 can be calculated by using the approximation F,(x) = 1
as we did in the previous sections, this is not so for the
imaginary part of Z since the capacitance depends on the
field at distance a, so that one cannot use the limit ka — 0
[Meyer-Vernet and Perche, 1989].

For sufficiently small values of a/Lp, T’ 2 exhibits a rather
smooth variation, except if one has simultaneously o =~ w,
and L/Lp > 10 [Couturier et al., 1981]. In the latter case, the
fine structure of the peak of the spectrum might be affected
by the antenna impedance Z. Note, however, that one
expects that Z should not depend very much on the high-
energy electrons, except through their contribution to the
low-order moments.

In particular, it is easy to transpose to the resistance R the
analytical results obtained for V2, by noting that R (from
(38)) is calculated by replacing B(k) in (1) by the quantity

K*Im e, mflwlk)
T 2mk

41rma)w§

Consequently, for low frequencies the analytical values
for R are trivially deduced by replacing the integral [g
duuf(v) in (15), (16), and (18) by the quantity f{0)/(4m).

For high frequencies, R is given by (19), where the integral
over v is replaced by flw/k)/(4m). Using as in section 3.2 the
approximations of F for large arguments (13) or (14) and
making the change of variable v = w/k, we obtain instead of
(21) and (22)

2

wp A
ad m L/Lp>1 (wires) 39)
21rw; ©
R= 3 f duvyf(v) L/Lp>1 (spheres) (40)
Egw 0
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An interesting point is that the high-frequency resistance of
a long wire dipole antenna is independent of the distribution
function: it only depends on the total electron density.

In the vicinity of the plasma frequency, R is given by (27)
for long antennae, where B(k,) is to be replaced by af(w/
ko) (2mkg), and thus

20 ,F(koL)

e o@ke “D

L/iLp>1

We find therefore that in contrast to the noise spectrum,
the resistance does not depend crucially on the high-energy
electrons (except if they contribute significantly to the pres-
sure), even near w,. This confirms the results previously
obtained in the particular case of distributions made of
several Maxwellians.

4. ‘“Kappa’’ DISTRIBUTION FUNCTION

4.1.

We choose the following electron velocity distribution
function:

Choice of the Distribution Function

felo) = (42)

(1 + v¥kvd)c !

Such f, functions will be named in this paper ‘‘kappa
functions’’; k is a real number larger than or equal to 2, but
in order to simplify future calculations we will only consider
integer values of k.

These functions were introduced to describe the departure
of actual electron distributions from Maxwellians in the
interplanetary medium and the Earth’s magnetosphere [see
Olbert, 1968; Vasyliunas, 1968; Binsack, 1966].

From the experimenter’s point of view, these functions
are very interesting, since although they have only two
adjustable parameters, they are rather close to a Maxwellian
at low velocities, while they join smoothly onto a power law
spectrum at high energies. The fitting of energy spectra
measured in the Earth’s plasma sheet gave approximate
values k ~ 2—4 [Vasyliunas, 1968]. In the solar wind, values
& ~ 4-7 (J. D. Scudder, private communication, 1989) seem
to describe rather well the core-halo parameterization used
by Feldman et al. [1975].

From the theorist’s point of view, the kappa functions
have the interest of being analytically easily tractable. As is
well known, they reduce to a Maxwellian distribution in the
limit k — oo,

A convenient indicator for deviations of a distribution
function from a superposition of Maxwellians might be the
differential temperature used by Pilipp et al. [1987],

dinf\™!
Ty = —| kg B

(E = mv?/2). For a Maxwellian at temperature T, Tgg = T.
For a superposition of two Maxwellians (“‘cool’’ and ‘‘hot’’),
Tgg = T at low energies but increases to Ty at larger
energies and remains constant. On the other hand, for kappa
distributions we find

mvg k + v¥vg

T i = —
diff 2kB k+1
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Fig. 1.
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Comparison between the “‘kappa’ distribution functions corresponding to the values of «

used in this paper and their Maxwellian limit (« — ). Here the functions have been normalized so that

A0) = 1.

Thus T4 is constant at low energies, as for a Maxwellian,
but increases monotonically at larger energies. This behavior
seems in qualitative agreement with the differential temper-
ature calculated on the basis of isotropic distribution func-
tions measured in the solar wind [see Pilipp et al., 1987,
Figure 5c].

Figure 1 shows a set of such functions compared to their
Maxwellian limit.

Let us first calculate the moments of f(v) defined in (7).

We get
3
(v") = 27w A(ypk 1/2yn +3F(n - )F(K 2 -2|- 1)
- [[(k + D]!

2
43)

where I'(x) denotes the gamma function. Since the distribu-
tion function is normalized as (v°) = 1, we find quite
immediately the value of A:

_ I'(k +1)
T (k)T (k - 1/2)

We can also calculate the equivalent temperature T =
m(v?)/3k g; using (43) and properties of the gamma function,
we obtain

mvg K

" kg 2k -3

(44)

As said above, we only consider integer values of «. In this
case, A becomes
2%~ It

A -
11'2113:( 3/2(2K -3)n

(45)

where

k!=1%xX2x3X:-x(k—1)X«k

Rk =-3IN=1X3x5X X2k —5) X2k = 3)

4.2. Longitudinal Dielectric Permittivity

The longitudinal dielectric permittivity is given by (3).
Replacing f(v) by the kappa function, we obtain

2

2wwp

A

Y

+o
N
J_m N ko= @ — i0)(1 + v/ """

12

Setting x = vj/k'?vy and z = w/x"2kvy, we get

2

Tw,
€L=1+ kz (11+212) (46)
with
- n | dx
I = Aypk I_w GZrn el 47)
I A 12 +o0 dx (48)
= AYgK
2 0 L (x—z—io)(xZ+ 1)<t
The calculation of I; is straightforward and gives
1 «k—-12
IL=— (49)
Ty K

Calculating 7, is equivalent to integrating the function
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1
(x_z)(x2+ 1)K+1

(50

on the real axis avoiding the real pole x = z by passing below
it. To achieve the calculation of I,, the integration path is
closed with a large semicircle in the half complex plane Im x
< 0. The contribution of the integration on this large
semicircle is zero because

X
2+1)K+1

-0 | x| =

(x —2)(x
The only pole included inside the integration path is —i. So
I, = Ay 12(_2im)R

where R is the residue of the function (50) for the pole —i.
We have

R 1 d* 1 .
T k! dx" (x—2)(x—i~+! =

Using Leibnitz’s formula, we write

d" 1
dx* (x—2)(x—i<*!

2“: - d* 1 d<-? 1
B “dxP \(x -0t dx* P \x -2

p=0

with
K!

=p!(K - p)!

da" 1 B n n!
dx" \x — z =0 (x—z)"*!

d" 1 _ 1”(K+n)z 1
dx" \(x — )< *! =D k! (x—pertEe

and we obtain eventually

DT g e 1

x! ! P! (Zi)x+1+p(z+i)x+1—p

We can now deduce the final expression of ¢ :

| ZZ R \ (_2)K +1
=14+—= -1+ —
L o 2k —3)n '~
(k + p)! 1
A+ 1+ N E (51)
oyt p! (20 P(z +1) P
where r = w/w, = fif,.
The dielectric function has the low-frequency limit
2 @p 22k -1
L-—>1+ Re—-1)=1+ w—0
Uy K
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Comparing this with the corresponding limit for a Max-
wellian distribution, namely
: 1
-1+ =
L k2L}

which means that the low-frequency electric perturbations
are exponentially shielded over a distance L, we define the
Debye length in this plasma as

L o K 1/2
P w, N2k -1

Note that by replacing v, by its expression (44) as a function
of the equivalent temperature T, we obtain

1 kBTZK—3)”2
m 2K"‘1/

(52)

Lp= (53)
@p

so that the Debye length depends not only on w, and 7 but
also on k. Of course, for k — =, we recover the usual
Maxwellian result Lp_

4.3. Calculation of the Electrostatic Noise

The fluctuations of the electrostatic field are given in (1).
The dielectric function &; has just been calculated and is
given by (51). F(kL) depends on the geometry of the
antenna: depending on whether the antenna is a wire dipole
or a dipole made of two spheres, expression (4) or (5) has to
be used. Let us now calculate B(k).

Inserting (42) into (2), we get

v
B(k)"_I (1+v2/K_U2)K+|

which gives, after we set x = v2/«kv¢ and z = w/k kv,

B(k) =

27A K'UO ® dx
k2 Iz (1+x)~*!

This is trivially integrated as

wAvé 1

Bl =—— a5~

(54)

Substituting this expression of B(k) into (1) and setting z =
w/k"kvy, r = wl/w,, and u = L/IL}, with Ly given by (52),
we obtain

V2_2"+3 K! mu (e ru
_'n'zso 2k — 31k 1?2 f2 J:) £z 22k — D7

(55)

[+ 2D e 2T

Introducing the equivalent temperature given by (44), we
find the expression of the normalized fluctuations

2 k+3 _ _ 1/2
v o2 ()12 (x = D12x =32 1
T2 72, B Q-3 2

J+w
0

ru 2 21-1
dz zF W [(1+z )K|EL| 1 (56)
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Fig. 2. Noise power spectrum in V2 Hz™!

i,
normalized to T(K)'? calculated with a ‘*kappa’

electron distribution (x = 4) and a wire dipole antenna for different values of the normalized antenna

length L/Lp

keeping in mind that ¢; is given in (51).

As the analytic calculation of V2T ™12 cannot be done in
general, the integration must be numerically computed. This
is easier than for a Maxwellian distribution since the dielec-
tric permittivity £; does not involve any special function.

The comparison between the spectra corresponding to
kappa distribution functions and those corresponding to
other distributions must be done for the same values of the
equivalent temperature. Yet L, depends not only on the
temperature but also on « (see equation (53)). That is why
spectra shown in the figures have been drawn not for
different values of # = L/Lp but for different values of u =
L/L D, Where L D, (defined in (11)) is the value of L, for
a Maxwellian distribution with the same equivalent temper-
ature so that it now depends only on T (and w, and L) but no
longer on «. Using (11) and the equivalent temperature given
by (44), we have

) 12

so that the only thing you have to do is to replace F[ru/z(2«
— 1)!2] by Flru/z(2x — 3)"?] in the expression of V2/T1?2
to achieve the calculation as a function of the parameter u =
LIL,

Yo

K
p \2k — 3

Lp

maxw

5. RESULTS AND DISCUSSION

In order to study how the shape of the distribution
function determines the quasi-thermal noise spectrum, we
will first compare spectra calculated with different values of
x and then compare them with Maxwellian, ‘‘flat-top,”’ or
bi-Maxwellian distributions. Of course, we consider plasmas
having the same density and equivalent temperature, so that
the curves are drawn using the parameter L/Lp . In
calculating these curves we have excluded the spectral
region where 1 < w/w, < 1.01, because it presents some

numerical difficulties and, in any case, the usual noise
receivers have a bandwidth of the order of 1% or more. The
limitation due to relativistic velocities discussed in section
3.3 is then irrelevant if the equivalent plasma temperature is
smaller than about 4 X 107 K (because X = is then smaller
than 1%). Note that from equation (36) the mean of the
spectrum over the frequency range w/w, = 1 and o/w, =
1.01 is about 2 times the value for w/w, = 1.01.

Figures 2 and 3 show a set of normalized spectra calcu-
lated with a kappa distribution « = 4 for different values of
the parameter L/Lp  and a wire dipole and a double-
sphere antenna, respectively. This illustrates the generic
behavior of quasi-thermal noise spectra: a plateau below f,,
a cutoff at f, with a peak which is sharper for long antennae,
and a high-frequency spectrum proportional to =3 or f~2 for
wire or sphere long dipole antennae, respectively; on the other
hand, the spectrum is nearly flat for short antennae. As shown
in section 3.3, the peak is sharp and occurs at f,, which is a
generic property of distributions having a power law tail.

Figure 4 shows the effect of changing the parameter «.

Here we have compared « = 2, 4, and 6, for a short wire
dipole antenna (L/Lp_ = 0.5) and a long one (L/Lp_
8). Other cases are glven by Chateau [1991]. The Iow-
frequency level depends on the low-order moments of the
distribution (and more strongly for longer antennae), but
these moments do not depend very much on « for « > 1:
note for instance that for xk =2, L, = L D, /3 ”2, while for
k = 4, L, differs from L, by less than "15%. This is why
the curves k 4 and 6 are near each other but rather
different from x = 2.

On the other hand, for long antennae the differences near
f, stem from the high-energy tail, which varies as 1/v2**2;
the peaks for the different values of « behave as in (36). Note
also that if there are more high-energy electrons, the spec-
trum just below f, is higher, so that the cutoff is rounded off;
this is clearly seen for the curve « = 2. We also verify that



CHATEAU AND MEYER-VERNET: NoISE IN NON-MAXWELLIAN PLASMAS

5833

! K =4 :-\ |
- double sphere ! ..L/| " =8
b
\
1\ .
g\o 3 ,_4\_~\
'3"70' ._.-"/./-‘_ N\,
’N'- — - o N LN I el .. ~
z
b3
g
S
Te
L4
o
]
0.1

s,

Fig. 3. Same as Figure 2 for a double-sphere antenna.

for a long wire dipole antenna the high-frequency level
depends not on «, but only on n and 7.

In Figure 5, we compare three cases: a kappa distribution
(k =3),a Maxwellian, and a “‘flat top,”” for a short wire
dipole antenna (L/L Doae = 0-5) and a long one (L/L Do =
8). The flat-top distribution S() = 1/1 + (vlvg)® was studied
by Chateau and Meyer-Vernet [1989]; it has a flat top at low
energies and a power law tail o y 8, It is thus interesting to
compare the results with a k = 3 distribution whose high-
energy tail has the same form. We note the following points,
illustrating the generic properties. First, we see again that
the high-frequency levels for a long dipole antenna are
identical, since they depend only on # and T.

Second, the peaks are identical for the kappa and the flat
top, as expected from (36) since their high-energy tails have
the same power law variation. Note, however, an interesting
point; though both tails vary as v ™%, they are not equal; for
(w2 > 1, flv) is a factor 8/(2 + 22)V2 |arger for k = 3
than for the flat top, yet the peaks are identical. This is
because the noise peak has the form V& « B(ko)/flwlky) (see
(27)), so that only the shape of the tail (for velocities v > Uy)
matters, not its amplitude. Note also that as shown in section
3.3, the Maxwellian distribution produces a very different
peak: it is much broader and occurs significantly above Sp.

Third, the low-frequency levels are slightly different, due
to the difference in the low-energy electrons. A final point is

10-15

1078

Hz™1. K~ 1/2)

VE()/TV/2 (2

107"

1018

Fig. 4. Noise power spectrum in V2 Hz~!

1 10

f/f’

normalized to T(K)'?2, calculated with “‘kappa”

electron distributions « = 2, 4, and 6, with two different values of the normalized length L/L Daye Of

a wire dipole antenna.
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Fig. 5. Comparison between the spectra (normalized to T'/2) calculated with a “‘kappa’’ distribu-
tion x = 3, a Maxwellian, and a ‘‘flat top,”” for two different values of the normalized length L/Lp__

of a wire dipole antenna.

worth noting: although the function x = 3 and the flat top
produce the same f, peaks, the former gives a much larger
noise level just below f,. This is because this level, in
contrast to the peak, depends on the quantity of electrons in
the high-energy tail (not only on the shape of the tail), and
the function « = 3 has a much larger proportion of high-
energy electrons than the flat top. On the other hand, we see
that the Maxwellian, which has practically no high-energy
(v >> (v?)1?) electrons, yields a spectrum with a very sharp
cutoff.

High-energy electrons are often described by adding to a

(cold) Maxwellian distribution a second (hot) Maxwellian;
this kind of modeling has been used to compute quasi-
thermal noise spectra [see Couturier et al., 1981]. In Figure
6 we have compared a spectrum calculated with a sum of
Maxwellians (ng/nc = 0.01, Ty/T = 10), with our results
for a kappa (x = 4) and a flat top distribution for a long wire
dipole antenna of length L/Lp__ = 8; these parameters are
rather typical in the solar wind. In order to illustrate a case
with more high-energy electrons, Figure 7 compares a bi-
Maxwellian having ngy/ne = 0.01, Ty/Te = 100, with our
results for « = 2.

* ' '
oF -eeee k= 4 3
— — flattop ]
— bi—Maxwellian
° \ with n,/n.=0.01 and T,/T,=10
€%
x I ]
TN
X
>
L%
g e 3
T
5
2 3
6 7 8 9 1 1..’; 2 3 4
1/,

Fig. 6. Comparison of the spectra obtained with a ‘*kappa’’ distribution « = 4, a distribution made
of a cold and a hot Maxwellian with ngy/nc = 0.01 and T,/T¢ = 10, and a “‘flat top,’” for a wire dipole

antenna of length L/Lp = 8.
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Two important points are worth noting. First, the bi-
Maxwellian noise spectra have a peak which is above f, and
less sharp than that obtained with the other functions: as
already discussed, this is a generic feature of Maxwellian
tails, as compared to power law ones. Second, the kappa
functions produce higher levels just below f, than the other
distributions, which reflects the fact that they have more
high-energy electrons; this smooths the cutoff. On the other
hand, the flat top, which has few high-energy electrons (even
though the tail varies as v %) has a low level of noise just
below f, and thus a sharp cutoff. It is important to note,
however, that, as discussed by Chateau and Meyer-Vernet
[1989], these differences are not very important, so that a
rather sensitive experiment is necessary to detect them.

6. CONCLUSIONS

We have derived the following generic properties of the
electrostatic noise in a stable isotropic plasma of density »
and equivalent electron temperature T (proportional to the
mean square velocity, as defined in (8)).

1. The high-frequency (f >> f,) noise level on an
antenna of length L >> L varies as

VHV2 Hz™Y) = 4 x 10 " T(K)n(m ~3)/f3(Hz)L(m)

for a wire dipole and as V2 x n{(v)/w? for a double sphere
(see (23) and (24)). Therefore the measurement of this level
gives a direct determination of either the pressure or the flux,
for any stable distribution function. This result might pro-
vide a practical method for measuring one of these quantities
at a high rate in space, without having to measure a complete
frequency spectrum.

2. Thelow-frequency level (f << f,) has a plateau which
depends on the low-order moments of the velocity distribu-
tion function, e.g., equations (15), (16), and (18). In practice,

/1,

Comparison of the spectra calculated with a ‘‘kappa’ distribution « = 2, and with
a bi-Maxwellian having ny/ne = 0.01 and Ty/T¢ =

100, for a wire dipole antenna of length

with either kappa distributions having « = 4 or flat-top
distributions (for which the hot electrons do not contribute
too much to the equivalent temperature T), this plateau
differs from the Maxwellian result by less than about 20%,
for practical antenna lengths. In particular, the usual analytic
expression V2 (V2 Hz™!) = 3.5 x 107% T(K)Y/Lm)n"?
(m %) [Meyer-Vernet and Perche, 1989] may still be used to
obtain an order of magnitude of the equivalent temperature
with long wire dipole antennae. If, however, one has a long
wire dipole antenna with a sensitive and well-calibrated
receiver measuring the whole spectrum, one can first deter-
mine n and T precisely from the cutoff and the high-
frequency level; then the spectrum below f,, can be used to
determine the distribution function at low energies. This
might have important applications since the usual electron
analyzers have much difficulty in determining low-energy
electron parameters.

3. For most practical distributions the peak of the spec-
trum has a cutoff which determines the plasma frequency,
and thus the total electron density. The peak shape strongly
depends on the distribution of the high-energy electrons. For
a power law tail the peak is nearly exactly at the plasma
frequency (in contrast to what happens with a Maxwellian
tail). However, the measurement of the high-energy elec-
trons is generally limited by the finite frequency resolution
Aolw of the noise receiver, since the peak cannot give any
information on the electrons of velocity v = [(v2)/(2Aw/
w)] 2, except if these electrons contribute to the pressure in
an important way.

One might think naively that the fine structure of the peak
could be resolved by using a receiver with a sufficient
frequency resolution. This is not necessarily true, however,
since in practice the spectrum is acquired over a finite time,
during which the plasma density fluctuates. When these
density fluctuations occur at frequencies much smaller than
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the plasma frequency, the noise peak fluctuates accordingly.
Since f, * n 172 the observed peak should be broadened by
one-half the amplitude of the density fluctuations An/n.

For instance, it is well known that in the free solar wind
the electron density fluctuations are usually of the order of a
few percent, on time scales larger than a few seconds.
Consequently, over such time scales the peak cannot be
determined with a resolution better than 1%; this precludes
any fine measurement of electrons of velocity larger than
about 7 times the mean square velocity, by thermal noise
spectroscopy, at such time scales in the solar wind (except if
these electrons contribute significantly to the pressure).

This is not, however, the whole story, because the above
quoted value does not take into account the fluctuations over
shorter time scales, for which the measurements are much
more difficult. Celnikier et al. [1987] have found that the
power spectrum of the electron density fluctuations in the
solar wind near 1 AU decreases with a power law index
generally smaller than 1 for time scales between about 0.06 s
and 15 s. A similar flattening with respect to a Kolmogorov
spectrum has been found nearer the Sun [Coles and Har-
mon, 1989]. This means that short time scales play a domi-
nant role in the calculation of An/n, so that the value of a few
percent quoted above is clearly an underestimate: for in-
stance, the fluctuation spectrum obtained by Celnikier et al.
[1987] gives An/n = 5% when it is integrated between 0.06 s
and 6 s. Consequently, a noise peak acquired in about 6 s
should be broadened by about 3%, or perhaps more since the
contribution of time scales shorter than 0.06 s is presently
unknown.

Can we deduce practical consequences for interpreting
noise spectra measured with past or present experiments in
space? They generally have either a low-frequency resolu-
tion or a large integration time or both. For instance, the
radio experiment aboard ISEE 3 has a frequency resolution
barely better than 10% near the plasma frequency in the
solar wind [Knoll et al., 1978]. Aboard ISEE 1 and 2 the
noise receiver, which has a better frequency resolution,
acquires a noise spectrum in 4 s at its highest rate [Harvey et
al., 1978]. Either of these effects should round off the peak
and, owing to its dissymmetry, should shift it above the
plasma frequency. This would make the peaks of the curves
shown in Figure 6 nearly indistinguishable in practice. As a
consequence, an attempt to deduce high-energy tails by
thermal noise spectroscopy with such experiments might
give meaningless results in some cases; for example, in the
case of a receiver having poor frequency or time resolution
and a plasma with a power law tail, one could obtain a quite
irrelevant hot electron temperature by fitting to the mea-
sured spectrum one constructed from a sum of Maxwellians.
However, such an experiment can nevertheless give reliable
results for the bulk of the distribution G.e., v # (v?)V2) if
it uses a long wire dipole antenna.

On the other hand, the future experiments planned aboard
Wind or CRAF might allow one to distinguish between
kappa distributions and distributions made of two Max-
wellians in the solar wind if they have a frequency resolution
of the order of 1% and a time resolution better than a fraction
of a second.

Finally, it is important to note that the results obtained in
this paper rest on two important assumptions: the isotropy of
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the electron distribution and the absence of ambient static
magnetic field. Although reliable results have been obtained
with these assumptions in both the solar wind and a
cometary environment, and some hints have been given
about the effects of relaxing these assumptions (see, for
instance, references given by Meyer-Vernet and Perche
[1989]), more studies of the effect of the magnetic field might
be needed for fully interpreting noise spectra that will be
measured aboard the space probe Ulysses [Stone et al.,
1983], which (hopefully) will pass through the Io torus near
Jupiter before exploring the Sun’s polar regions, or aboard
the projected Cassini spacecraft near the planet Saturn.
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