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Abstract. In 3D magnetic �eld con�gurations, quasi-separatrix layers (QSLs) are de�ned as volumes in which
�eld lines locally display strong gradients of connectivit y. Considering QSLs both as the preferential locations
for current sheet development and magnetic reconnection, in general, and as a natural model for solar 
ares and
coronal heating, in particular, has been strongly debated issuesover the past decade. In this paper, we perform
zero-� resistive MHD simulations of the development of electric currents in smooth magnetic con�gurations
which are, strictly speaking, bipolar though they are formed by four 
ux concentrations, and whose potential
�elds contain QSLs. The con�gurations are driv en by smooth and large-scale sub-Alfv �enic footpoint motions.
Extended electric currents form naturally in the con�gurations, which evolve through a sequenceof quasi non-
linear force-freeequilibria. Narrow current layers also develop. They spontaneously form at small scalesall around
the QSLs, whatever the footpoint motions are. For long enough motions, the strongest currents develop where the
QSLs are the thinnest, namely at the Hyp erbolic Flux Tube (HFT), which generalizesthe concept of separator.
These currents progressively take the shape of an elongated sheet, whose formation is associated with a gradual
steepening of the magnetic �eld gradients over tens of Alfv �en times, due to the di�eren t motions applied to the
�eld lines which pass on each side of the HFT. Our model then self-consistently accounts for the long-duration
energy storage prior to a 
are, followed by a switch-on of reconnection when the currents reach the dissipative
scaleat the HFT. In con�gurations whosepotential �elds contain broader QSLs, when the magnetic �eld gradients
reach the dissipative scale, the currents at the HFT reach higher magnitudes. This implies that major solar 
ares
which are not related to an early large-scaleideal instabilit y, must occur in regions whosecorresponding potential
�elds have broader QSLs. Our results lead us to conjecture that physically, current layers must always form on
the scale of the QSLs. This implies that electric currents around QSLs may be gradually ampli�ed in time only
if the QSLs are broader than the dissipative length-scale. We also discuss the potential role of QSLs in coronal
heating in bipolar con�gurations made of a contin uous distribution of 
ux concentrations.
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1. Intro duction

The energy neededto power solar 
ares and to sustain
coronal heating is thought to comefrom the coronal mag-
netic �eld, sinceits energydominates over all other forms
of stored energy. However, the coronal plasma, like most
natural magnetizedplasmas,has typical Lundquist num-
bers far larger that unit y. So the resistive term in the
induction equation can becomelarge enoughonly if small-
scalemagnetic �eld gradients (i.e. narrow current layers)
are created. Regions in which either the magnetic �eld,
or the velocity �eld, or the Alfv �en speed initially have
small scalegradients can naturally result in such current
layers.However, thosearenot necessarilytypical of the so-
lar corona, and other situations can also exist. Magnetic
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con�gurations with a complex topology, i.e. with separa-
trices, are the most obvious con�gurations where current
sheetscan form, whenno steepgradient is initially present
in the system. Separatricesare magnetic surfaceswhere
the magnetic �eld line linkageis discontinuous.A particu-
larly important location for current-sheet formation, then
for reconnection in a classicalview, is the intersection of
two separatrices,which is a null point (a point where the
magnetic �eld vanishes)or a separator. In most cases,a
separator is a singular �eld line joining two null points.
More generally, current sheetsare thought to form along
the separatriceswhen arbitrary footpoint motions are im-
posedat a line-tied boundary at the separatrices(e.g. Aly
1990;Low & Wolfson 1988;Lau 1993).

The initial studiesof the topology in 3D magnetic con-
�gurations have beenrealizedby de�ning a magnetic �eld
created by discrete sub-photospheric sources (Baum &
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Bratenahl 1980). H�enoux & Somov (1987) proposedthat
reconnection along the separator can interrupt currents

o wing there, thus permitting to releasethe energystored
in thesecurrents. Gorbachev & Somov (1988) further ap-
plied the theory to an observed solar 
are and showed
that �eld lines passingclose to the separator connect to
observed chromosphericbright ribb ons. Furthermore, nu-
merous analysesof 
ares have shown that H� and UV

are brightenings are typically located along the intersec-
tion of separatriceswith the chromosphere:they are con-
nected by �eld lines which are expected to have formed
through magnetic reconnectionin the given con�guration
(e.g. Mandrini et al. 1991, 1995; D�emoulin et al. 1994b;
van Driel-Gesztelyi et al. 1994).

The description of the magnetic �eld with sub-
photospheric sources, as well as its related topological
analysis irrespective of the location of the line-tied photo-
sphere, is only an approximation to describe the organi-
zation of the magnetic �eld in 
ux tubes: it implicitly as-
sumesthat the origin of a 
are is rooted below the line-tied
boundary, wherethe magneticcon�guration hasno reason
to be that of what is prescribed by the sources.Assuming
that all the sourcesare located in the line-tied plane per-
mits this di�cult y to be bypassed.However it alsoleadsto
someundesirablee�ects which may not be relevant of the
solar photosphere,especially within active regions: Wide
areasin this plane have purely tangential magnetic �elds,
except in the vicinit y of the sourcesand of null points lo-
cated at the boundary. Also, these boundary nulls fully
constrain the topology above, which may be considered
to be at least restrictiv e, if not arti�cal. Finally, the very
de�nition of point chargesprevents modeling twisting mo-
tions. This approach is neverthelessvery interesting, since
it allows to usepowerful mathematical (analytical) tools,
which permit many aspects of the complex problem to be
explored without the needof heavy numerical simulations
(e.g. Longcope & Klapp er 2002;Priest et al. 2005).

The above results have demonstratedthat the location
of energyreleasein solar 
ares is de�ned by the magnetic
topology and that the physical mechanism is magnetic
reconnection. However, it has been shown that the en-
ergy releasedid not involve all of the separatrix; e.g. H�

are brightenings werealways present only on a restricted
part of the chromospheric footprin t of the computed sep-
aratrices. Moreover, for some observed events, a coronal
magnetic null related to the 
are was not always present
in the con�gurations associated with the observed photo-
spheric magnetic �eld (D�emoulin et al. 1994a). Another
well-known possibility getting separatrices is when �eld
lines are tangent to the photospheric boundary (called
"bald patches", Tito v et al. 1993). But just as with coro-
nal nulls, bald patches have been found only in a small
fraction of observed events (e.g. Aulanier et al. 1998). In
fact, in many 
aring con�gurations, the computed separa-
trices were only associated with the magnetic nulls being
also located below the photosphere(located between the
assumedsub-photospheric sources).These studies teach
us that coronal magnetic reconnection must occur in a

broader variety of magnetic con�gurations than tradition-
ally thought, asderived from studiesof 2D con�gurations.
It is also worth noticing that the separatricesof a mag-
netic con�gurations invariant by translation along onedi-
rection disappear in most caseswhen the con�guration is
fully extended to 3D (Schindler et al. 1988). This struc-
tural instabilit y of separatricespoint also to the needof a
broader concept.

In order to addressthese di�culties, D�emoulin et al.
(1996a,b) proposedthat\quasi-separatrix layers" (QSLs)
generalize the de�nition of separatrices to caseswhere
there is no coronal magnetic null. QSLs are regionswhere
there is a drastic change in �eld line linkage, while the
linkageis truly discontinuousat separatrices.For each ob-
served 
are studied with this approach, the brightenings
were always found along, or just nearby, the intersection
of QSLs with the chromosphere (D�emoulin et al. 1997;
Mandrini et al. 1997; Bagal�a et al. 2000, and references
therein). These results demonstrate that 
ares are coro-
nal events, where the releaseof free magnetic energy is
due to the presenceof regions where the magnetic �eld
line linkage changesdrastically, and not necessarilydis-
continuously.

Physically, the magnetic energy available for 
aring
must be associated with non-potential magnetic �elds,
so in the presenceof extended and/or narrow electric
current distributions. Indeed, when photospheric vector
magnetic �eld measurements were available in the stud-
iesquoted above, two photosphericcurrent concentrations
of opposite sign were always found in the close vicinit y
of the computed QSLs, both linked by modeled coronal
�eld lines (D�emoulin et al. 1997,and referencestherein).
Theoretically, the formation of a strong current layer in
any QSL is expected with almost any kind of boundary
motion which crossesa QSL, as conjectured analytically
by D�emoulin et al. (1996a). The main reasonis that the
magnetic stress of very distant regions can be brought
close to one another, typically over the QSL thickness.
Unfortunately , analytical arguments for current layer for-
mation in QSLs cannot go too far in con�gurations with-
out symmetry: the derivation of the currents is both a
non-linear and a non-local problem requiring in particular
integration over �eld lines. So Tito v et al. (2003) consid-
ered a straightened magnetic con�guration between two
plates, with a Hyperbolic Flux tube (or HFT) at the cen-
ter of QSLs. They calculated analytically that currents
form and increaseexponentially with time in a HFT, only
when the boundary shearingmotions create a stagnation
point in the middle of the con�guration.

MHD numerical simulations are required to analyze
the evolution of general magnetic con�gurations having
QSLs. A numerical di�cult y is that the currents are ex-
pected to form on the scale of the QSLs, a scale that
can be many orders of magnitude lower than the scale
of the whole studied magnetic con�guration. The simu-
lation of Milano et al. (1999) was the �rst to show that
currents did form along QSLs. But the latter were not
present in the initial uniform �eld con�guration. They
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weredynamically formed by the prescribed boundary mo-
tions, which consisted of two vortices with a stagnation
point in between.The numerical simulation of Galsgaard
et al. (2003) was aimed at addressingthe problem of pre-
existing QSLs.Unfortunately , it consideredvery broad ini-
tial QSLs, with a thicknessof about one tenth of the nu-
merical domain, so that only weak currents formed there.
The selected boundary motions produced a stagnation
point inside the domain, which resulted in the forma-
tion of a strong current sheet, as predicted analytically
by Tito v et al. (2003). However, D�emoulin (2005) exten-
sively explained that these strong currents were not as-
sociated with the initial broad QSLs, but rather with a
new set of much thinner QSLs that dynamically formed
thanks both to the stagnation point and to the large-scale
boundary displacements. It is then unclear how the results
of Milano et al. (1999) and of Galsgaardet al. (2003) can
be generalizedto magnetic con�gurations which initially
possessnarrow QSLs.

In order to really address this issue, the one con-
jectured in previous studies of observed solar 
ares, in
this paper we instead perform MHD simulations of the
slow current build-up associated with pre-existing narrow
QSLs. In Sec.2, we consider and analyze the properties
of two potential magnetic con�gurations that have large
di�erences in QSL thickness. In Sec. 3, we describe the
numerical method which we used to evolve both con�g-
urations with two di�eren t forms of line-tied motions. In
Sec. 4, we discussour results in terms of the formation
conditions of narrow current layers within QSLs, in gen-
eral, and at the HFT, in particular, as a function of the
boundary 
o w. The results are summarizedand discussed
in the frame of solar 
are and coronal heating modeling
in Sec.5. Numerical and physical issueson the width of
current sheetsare discussedin Appendix A.

2. De�nition and top ology of the magnetic
con�gurations

2.1. Initial magneticcon�gurations

We considereda 3D cartesian domain x 2 [� 0:65; 0:65],
y 2 [� 0:41; 0:41], z 2 [0; 0:65], where z is altitude. z = 0
is consideredasthe photosphericplane,which is treated as
a line-tied boundary in which kinematic motions werepre-
scribed in the MHD simulations. In this domain, we calcu-
lated two potential magnetic �eld con�gurations (4 b = 0)
made up of four polarities: P1 (resp. N1) is the positive
(resp. negative) polarit y of an outer bipole, and P2 (resp.
N2) is the positive (resp. negative) polarit y of an inner
bipole which contains less magnetic 
ux than the outer
one,but which hasstronger magnetic �eld concentrations.

Each of the four polarities results from point-sources
located at various depths beneath the photosphere.
Throughout this paper, both con�gurations are labeled
by � = 120� and 150� , which are the angle between the
axesof both bipoles when the �eld is potential at t = 0.

Table 1. Parameters of the magnetic con�gurations.

Polarit y Parameter � = 120� � = 150�

x1 0:5 0:5
P1 y1 0 0

z1 � 0:2 � 0:2
F1 1 1
x2 � 0:5 � 0:5

N1 y2 0 0
z2 � 0:2 � 0:2
F2 � 1 � 1
x3 � 0:05 � 0:0866

P2 y3 0:0866 0:05
z3 � 0:1 � 0:1
F3 0:4 0:4
x4 0:05 0:0866

N2 y4 � 0:0866 � 0:05
z4 � 0:1 � 0:1
F4 � 0:4 � 0:4

The magnetic �eld b of thesecon�gurations is given by :

bx (x; y; z) = � 4
i =1 Fi (x � x i ) r � 3

i ;

by (x; y; z) = � 4
i =1 Fi (y � yi ) r � 3

i ;

bz (x; y; z) = � 4
i =1 Fi (z � zi ) r � 3

i ;

r i =
p

(x � x i )2 + (y � yi )2 + (z � zi )2 : (1)

The values of the free parameters for each polarit y
(x i ; yi ; zi ; Fi ) are given in Table 1. Typical �eld lines for
both con�gurations are shown in the upper row of Figs. 1
and 2. Note that the point sourcesare usedonly to de�ne
the initial magnetic �eld. Later, only the magnetic �eld
for z � 0 is considered(Sec.3).

The chosensettings imply that there is neither a mag-
netic null point in z � 0 nor �eld lines tangential to the
photospheric boundary at z = 0, so there are no separa-
trices in the domain. Topologically speaking, the con�gu-
rations are bipolar, equivalent to an arcade,even though
they display four contrasted magnetic �eld concentrations.
The following numbers permit to estimate the degreeof
contrast at z = 0 for � = 120� and 150� : bmax

z (in P2) ' 35,
bmax

z (in P1) ' 25, and bmin ' 3.

2.2. De�nition of quasi-separatrix layers

QSLsarede�ned asregionswherethere is a drastic change
in �eld-line linkage (D�emoulin et al. 1996a,b). More pre-
cisely, let us considerthe mapping from one photospheric
polarit y to the opposite one: r + (x+ ; y+ ) 7! r � (x � ; y� )
and the reversed one r � (x � ; y� ) 7! r + (x+ ; y+ ). These
mappings can be represented by some vector functions
[X � (x+ ; y+ ); Y� (x+ ; y+ )] and [X + (x � ; y� ); Y+ (x � ; y� )],
respectively. The norms N (r + ) and N (r � ) of the respec-
tiv e Jacobian matrices in cartesian coordinates are:

N � � N (x � ; y� ) (2)

=

s �
@X �

@x �

� 2

+
�

@X �

@y�

� 2

+
�

@Y�

@x �

� 2

+
�

@Y�

@y�

� 2

:
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Fig. 1.Top views of the magnetic con-
�gurations for two orientations of the
central bipole with respect to the large
one (� = 120� and 150� ): potential
�eld (top row) and con�gurations re-
sulting from the translational (middle
row) and twisting (bottom row) mo-
tions applied at z = 0 (see Fig. 5).
The horizontal (resp. vertical) axis cor-
responds to the x (resp. y) coordinate.
Pink (resp. blue) contours show posi-
tiv e (resp. negative) values of bz (z =
0) = � 5; 10; 15; 20; 25; 30. The inversion
line bz (z = 0) = 0 is plotted in yellow.
The other lines are magnetic �eld lines.
In each panel, they are plotted start-
ing from the same positions at z = 0
in the negative polarities, so these lines
are comparable from one panel to an-
other since their �xed footpoint is not
displaced by the 
o ws (seeFig. 5). The
time unit corresponds to the transit
time of an Alfv �en wave on a distance of
0.2 at the initial homogeneousAlfv �en
speed.

A QSL was�rst de�ned by the condition N (x � ; y� ) >> 1
in both photospheric polarities (D�emoulin et al. 1996b).

Let us now consider a �eld line linking photospheric
locations (x+ ; y+ ) and (x � ; y� ), which both have di�er-
ent normal �eld components bz+ and bz� . In this case,a
di�cult y with the de�nition of QSLs by Eq. (2) is that
N (x+ ; y+ ) 6= N (x � ; y� ) if bz+ 6= bz� , so QSLs do not ful-
�ll a unique condition, in general,whende�ned by Eq. (2).
Recently , Tito v et al. (2002) de�ned another characteris-
tic function for QSLswhich is independent of the mapping
direction: the squashingdegreeQ. It is calculated as fol-
lows:

Q+ =
N 2

+

jbz+ =b�
z� j

� Q�
� =

N � 2
�

jb�
z� =bz+ j

� Q ; (3)

where asterisking the functions indicates that their ar-
guments x � and y� are substituted in X � (x+ ; y+ ) and
Y� (x+ ; y+ ), respectively. With this new prescription, a
QSL is de�ned by Q >> 2, the value Q = 2 being the
lowest value possible(Tito v et al. 2002). By de�nition, Q
is uniquely de�ned along a �eld line by:

(b � r )Q = 0: (4)

The physical meaning of this apparently complex def-
inition can, in fact, be simply explained as follows. Let us

consider an elementary 
ux tube rooted in an in�nitesi-
mal circular region in onepolarit y. Q simply measuresthe
aspect ratio of the distorted ellipse de�ned by the foot-
point mapping of this 
ux tube in the other polarit y. In
other words, Q measureshow much the initial elementary
region is squashedby the �eld-line mapping.

Other quantities which de�ne the mapping properties
of QSLs do exist, one of them being the ratio jbz+ =b�

z� j.
Their full description and meaning are analyzed in Tito v
et al. (2002). In this paper, we only useQ, sinceit is suf-
�cien t to localize the QSLs and to de�ne their thickness.
A global view of QSL properties and their application to
coronal physicsis presented in D�emoulin (2005) and Tito v
(2005).

2.3. Numericalcalculationof quasi-separatrix layers

3D magnetic con�gurations, where the maximal value of
Q is large, are challenging for numerical computation of
the associated QSLs, becausetheir related widths are of-
ten orders of magnitudes below the spatial resolution of
any numerical mesh.For local quantities such as the mag-
netic �eld, computing gradients below the mesh size has
no meaning. But this is not true for N and Q, because
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Fig. 2.Same as Fig. 1, but projection
views in the full numerical domain are
shown. The viewing angle is rotated ap-
proximativ ely 180� around the z axis
relativ e to Fig. 1.

their valuesare dominantly determined by the large-scale
properties of the magnetic con�guration. This was thor-
oughly explained in D�emoulin et al. (1996a,1997), where
the e�ect of spatial discretization de�ning the analytical
magnetic �elds wastested.There it wasdemonstratedthat
calculating QSLs below the scale of the discretization is
relevant and reliable as long as the large scale-lengthsof
the magnetic �eld are well resolved.

In order to accurately compute N (or Q) in a plane
(e.g. z = 0), one needsto determine a 2D grid (e.g. in
x; y) which is locally adapted to the QSL width. The lat-
ter must then be di�eren t than the grid used later in the
MHD simulations. One must also be able to compute the
connectivities with high precision. In the caseof a uniform
grid, with a mesh interval � small enough to resolve all
the connectivity gradients, the computation of N is only
limited both by the numerical precision of the �eld line
integration and by the numerical derivatives in Eq. (2).
With the best integration algorithms, the position r i;j of
the secondfootpoint of the �eld line passingby the grid
point of index (i; j ) can be known with relative precision
of 10� 11. This permits us to calculate the �eld line con-
nectivities very accurately. Since local small-scalesof the

magnetic �eld havea low e�ect on the QSLs, the magnetic
�eld in between the mesh points is computed simply by
a linear interpolation of the nearest points values. Then
from Eq. (2), the computed value N i;j of N at the grid
point( i; j ) is given by the knowledgeof the �eld line con-
nectivit y of the four surrounding points on the grid:

N i;j =

p
(r i +1 ;j � r i � 1;j )2 + (r i;j +1 � r i;j � 1)2

2�
: (5)

Qi;j is then derived from N i;j using Eq. (3).
In practice and in order to savecomputational time, we

never usea uniform grid. Q is �rst computed on a coarse
grid, whose resolution progressively improves adaptively
in a multi-step procedure. In a �rst step, Q is calculated
everywhere,but only thoseregionswhereQ is the highest
arekept. In theseregions,the spatial resolution is doubled.
In a secondstep, Q is re-computed in the previously se-
lected points, aswell as in the new four neighboring point
of the improved grid. This procedureis repeateduntil the
number of points where Q is computed reachessomepre-
viously �xed value. In the present paper, this number of
point was 3500,which corresponds to a spatial resolution
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Fig. 3.Top views of the quasi-
separatrix layers (QSLs) for the
potential �eld con�gurations for
� = 120� and 150� . The greyscale
images show the distribution of the
squashingdegreeQ (Eq. [3]) at z = 0 in
logarithmic scale. For � = 120� (resp.
150� ), white corresponds to Q = 5
(resp. 6) and black to Q = 1:3 � 105

(resp. 1011 ). Typical �eld lines that are
rooted in the vicinit y of the QSLs, and
the same bz (z = 0) contours as in Fig.
1, are overplotted in the bottom row.

of � 3 � 10� 3, twice larger than the smallest cell which is
consideredin the MHD simulations (seeSec.3.1).

With such grid resolution, however, Q is still approx-
imativ ely computed where the gradients of connectivity
are strong, i.e. where the QSL are the thinnest. For the
re�ned calculation of Q in 2D, we considera local square
around each saved position of the latter grid. In a second
multi-step procedure,Q is then successively re-computed
in the central point of each square,as the resolution pro-
gressively increasesby a factor two at each step. The re-
currenceis stopped when the valuesof Q computed at two
consecutive stepsconverge,i.e. when their ratio exceedsa
�xed value (which we choose to be equal to 0:9 in this
paper). At that stage, Q is calculated well at the 3500
selectedpoints. Note than in separatrices,this secondit-
eration never convergessinceQ tends to in�nit y.

The results of thesetwo iterativ e procedureswereused
to generateall Q maps at z = 0 shown in this paper and
to calculate the corresponding Qmax . Figure 3 shows such
maps for the potential magnetic �eld con�gurations de-
�ned in Sec.2.1. The shape of the QSLs and their signi�-
canceare discussedbelow in Sec2.4.

We de�ne the QSL width asthe full width at half max-
imum of the Q pro�le. In order to calculate the latter, we
recompute Q along several 1D segments that cross the
QSL at various angles, in the plane z = 0. The 2D Q
maps are used to choosethe position of these segments.
Q can there be computed using various spatial resolutions
� 0. The true QSL width along a given direction is reached
when � 0 is small enoughto ensurethat any further re�ne-
ment does not change the Q pro�le. The minimum full
width at half maximum of the Q pro�les along each of the
segments �nally results in the QSL width.

Figure 4 showsQSL pro�les for both con�gurations de-
�ned in Sec.2.1, using two di�eren t segment lengths, thus

with two di�eren t spatial resolutions � 0. With the lower
resolution which is of the order of the MHD mesh reso-
lution (see Sec. 3.1), one can neither obtain the correct
value of Qmax , nor the real width of the central peak of
the QSL pro�le. The broad wings of the QSL are,however,
well visible. The properties of the QSL, ascalculated with
both resolutions, are given in Table 2. It shows that the
issueof resolution is the most sensitive for � = 150� . The
QSL for � = 120� at t = 0, however, is almost resolved

Fig. 4. Pro�les of log Q(z = 0) perpendicular to the QSL
for the initial con�gurations � = 120� (left column) and
� = 150� (right column). The cuts are centered at (x; y) =
(xQ ; yQ ), with (xQ ; yQ )=( � 0:155; � 0:145) for � = 120� and
(xQ ; yQ )=( � 0:121; � 0:203) for � = 150� . The pro�les are cal-
culated using a spatial resolution corresponding to the smallest
cell in the numerical mesh � 0 = d = 1:5� 10� 3 (upper row) and
using an optimized higher spatial resolution � 0 (lower row), as
explained in Sec.2.3.
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Table 2. Maxim um amplitude of the footpoint motions, of the squashing degreeand minim um width of its pro�le across the
QSLs, in each con�guration studied. The amplitude of the translation motions, 2 � y, is measuredby the ratio of the maximum
displacement (� y), divided by characteristic sizealong y of the system (0:5). The amplitude of the twisting motions is measured
by the maximum numbers of turns � N within P2. The importance of the mapping distortion is given by the maximum value of
squashingdegree(Eq. [3]), Qmax . Finally the thicknessesof the QSLs are given by the ratio of the full width at half maximum of
Q, � Q with the smallest cell size,d (Sec.3.1). Both Qmax and � Q =d are computed with a low spatial resolution of d = 1:5� 10� 3

(resp. at a much higher spatial resolution, seeSec.2.3) and the values are noted with a subscript `L' (resp. `H').

Con�g. Motion time 2 � y � N � Q; H =d log Qmax
H � Q; L =d log Qmax

L

potential �eld 0 - - 2.6 3.6 4.0 3.2
� = 120� translation 81 0.24 - 0.96 4.1 2.8 3.7

twist 99 - 0.29 5.5� 10� 2 5.2 2.7 3.8
potential �eld 0 - - 4.3� 10� 3 8.8 2.8 5.5

� = 150� translation 41 0.10 - 1.8� 10� 4 11 1.1 5.5
twist 38 - 0.14 8.2� 10� 3 8.3 2.6 5.5

by the numerical meshusedin the MHD simulations: `al-
most', becausethe meshis non-uniform and d is only the
smallest grid size(seeSec.3.1).

2.4. Topology of the potential �elds

In the bipolar potential con�gurations de�ned in
Section 2.1, the magnetic �eld line linkage has four ba-
sic setsof magnetic connectivities (seeFigs. 1 and 2), just
as in 2D quadrupolar magnetic con�gurations, but with-
out separatrix betweenthem. For both con�gurations, the
intersections of the QSLs with the z = 0 boundary have
only two extendedthin strips, oneover each magnetic po-
larit y (seeFig. 3, top row). Thesepotential con�gurations
are thus very similar to the one analyzed by D�emoulin
et al. (1996a) and Tito v et al. (2002).

Two close�eld lines rooted at z = 0 on both sidesof
onestrip rapidly divergein the volume to connect,on the
other strip, regionswhich are very far from each other, as
shown in Fig. 3, bottom row.

The thin volume, where Q has the highest values, is
of particular interest: the way �eld lines diverge there
suggeststo call the magnetic structure of QSLs a HFT
Tito v et al. (2002). The 3D shape of this HFT is better
understood as one follows its 2D cross-section from
one polarit y to the other one on the boundary. Let us
de�ne the edge of the QSL by the value Qe, which is a
fraction of the maximal value of Q. The HFT starts as an
elongated strip over one polarit y, then it is transformed
progressively in a cross shape in the volume, and it
ends in the form of another elongated strip on the other
polarit y. Each strip at z = 0 involve one branch of the
cross at z > 0. A cartoon of the cross-sectionfrom one
polarit y to the other is then:
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(6)

This shape is similar for any valuesQe >> 2. The volume
de�ned by Q0

e fully enclosesthe volume de�ned by Qe if
Q0

e > Qe, sothat de�ning an increasingseriesof Qe values

de�nes a seriesof volumesthat aresomehow organizedlike
Russiandolls.

The QSL shape is robust to the transformation of the
magnetic con�guration, asthe locations of the highest val-
uesof Q for the two con�gurations of Fig. 3 have similarly
curved shapes. The slight modi�cations of these shapes
mostly follow the displacement of the polarities.

The maximum value of Q however, is extremely sensi-
tiv e to modi�cations of the magneticcon�gurations: When
Q is calculated at a spatial resolution much higher than
the numerical discretization chosenfor the MHD simula-
tion so as to obtain its true pro�le (seeSec.2.3), Qmax �
4 � 103 for � = 120� , while Qmax � 6 � 108 for � = 150� ,
�v e orders of magnitude higher. Asymptotically , Qmax

tends to in�nit y as � tends to 180� .

3. Metho d for MHD evolution

3.1. Equationsand mesh

We use a simpli�ed version of our zero-� (pressureless)
time-dependent 3D MHD code, which is extensively de-
scribed in Aulanier et al. (2005). The present version
solvesthe following equations :

�
@u
@t

= � � (u � r )u + | � b + � Du (7)

@b
@t

= r � (u � b) + � 4 b (8)

r � b = | (9)

r � b = 0; (10)

where � is the massdensity, u the plasma velocity, b the
magnetic �eld, | the electric current density and � the
magnetic resistivit y. The calculations are achieved in a
dimensionlessform, so that the magnetic permeability is
set to 1. D is a di�usion operator for the velocity (see
Sec.3.3).

Sincewe are only interested in quasi-static evolutions
and to save computer time, we �x � in time to its initial
value given below:

� (x; y; z) = c� 1
� b2(x; y; z; t = 0) ; (11)
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so that cA (x; y; z; t = 0) = c� = 0:2. This leads to de�ne
the time unit as the transit time of Alfv �en waves over a
distance of 0.2, which correspondsto the physical spacing
between both central polarities P2 and N2. This setting
doesnot lead to any singularity, since the studied con�g-
urations contain no magnetic null point in the domain.

The boundary conditions at z = 0 are line-tied, and
those of the �v e other faces are open. Their numerical
implementation with the useof ghost cells is described in
details in Aulanier et al. (2005).

The simulations are done in the domain de�ned in
Sec. 2.1, using a non-uniform mesh nx � ny � nz =
191� 161� 170points. The meshintervalsvary in the range
dx 2 [1:5� 10� 3 ; 1:8� 10� 2], dy 2 [1:5� 10� 3 ; 1:2� 10� 2],
dz 2 [1:5 � 10� 3 ; 0:8 � 10� 2], expanding from x =
y = z = 0 following di +1

x =di
x = dj +1

y =dj
y = 1:027 and

dk+1
z =dk

z = 1:01.

3.2. Boundary motions

The magnetic con�gurations evolve in responseto large-
scale kinematic motions u x;y which we prescribe in the
line-tied planeat z = 0. Sincewewant to study the depen-
denceof the generation of electric currents at QSLs with
respect to the precise nature of the footpoint motions,
we consider various types of motions which move only a
part of the QSLs. Firstly , we only apply motions within
the positive central polarit y P2. Secondly, we choosetwo
typesof motions which contain neither X-t ype stagnation
point, nor small scales.The �rst type of motion is a nearly
solid translation of P2 along y. The secondtype of mo-
tion is twisting of the strongest �elds in P2, which has a
nearly solid rotation over more than half of the vortex ra-
dius. Both typesof boundary motions are shown in Fig. 5,
superposed on contours of bz (z = 0). They both do not
directly a�ect the �eld lines which have a footpoint in P1.

The translation motion is de�ned by :

ux (z = 0) = 0;

uy (z = 0) =
u�

4

�
tanh

�
y � y� (x)

� y�

�
+ 1

�

�
tanh

�
x � x �

1

� x �

�
� tanh

�
x � x �

2

� x �

��
;

y� (x) = 4(x � x �
3)2 + y�

1 ; (12)

where u� is the maximum velocity at the boundary. In all
our simulations, we set u� = 1:5 � 10� 3 = 0:75% of c�

(de�ned with Eq. [11]) so as to ensure a relatively slow
driving of the system.

The twisting motion in P2 is de�ned by :

ux (z = 0) =
@ 
@y

; uy (z = 0) = �
@ 
@x

; (13)

 =  � tanh
�
� �

1 b2
z (z = 0)

�
tanh4 �

� �
2 b2

z (z = 0)
�

; (14)

where  � is a parameter which is adjusted so as to pre-
scribe a maximum twisting velocity of u� (same value
as above). With the velocity written as in Eq. (13),

Table 3. Parameters for line-tied boundary motions.

Param. � = 120� � = 150�

� x � 0:05 0:05
� y� 0:03 0:03
x �

1 � 0:22 � 0:26
x �

2 0:22 0:07
x �

3 � 0:10 � 0:14
y�

1 � 0:05 � 0:10
� �

1 9 � 10� 4 9 � 10� 4

� �
2 3 � 10� 3 3 � 10� 3

bz (z = 0) is only advected with time (without modifying
its Lagrangian value), and this is re-enforcednumerically
at each numerical iteration. The choiceof such complex  
functions (Eq. [14]) was motivated to prescribe a nearly
uniform twisting motion in the strong �eld regions, sur-
rounded by a region of fast velocity decreaseand a last
outer region in which both the velocities and their hori-
zontal derivatives tend to zero closeto the inversion line
around P2. In this way, the central part of P2 doesnot in-
corporate small scales,and its outer regionsdo not lead to
numerical instabilities, sinceno small unresolved �eld line
is advectedand sincethe velocity is numerically derivable
everywhere.

The values for the remaining free parameters in
Eqs. (12) and (14) are given in Table 3. In the simula-
tions, all the velocities given above are multiplied by 
 (t):


 (t) =
1
2

tanh
�

2(t � 10)
3

�
+

1
2

; (15)

which allows the systemto �rst relax to a numerical equi-
librium for 0 < t < 7, followed by an early acceleration
phasefor 7 < t < 13, towardsa constant boundary driving
for t > 13.

3.3. Di�usion operators

Some strong Lorentz forces develop during the calcula-
tions on small-scales.They lead to strong vorticit y layers
on the scale of a few cells, which are typically located
around the QSLs at z > 0. Their proper numerical treat-
ment leads us to use the following di�usion operator for
velocity :

D ui =
u� ?

d
(� 2

x ui + � 2
y ui + � 2

z ui ) (16)

where ui is the velocity component along either axis
(x; y; z) and d is the smallest cell size in the domain.
u� ? is the characteristic di�usion speed.We set to u� ? =
0:03 = 15% c� in all our simulations. This leadsto strong
viscous e�ects, which are unfortunately required: setting
u� ? = u� , which is the standard value in turbulent simula-
tions, leadsto numerical instabilities in the HFT typically
at t � 20, which do not permit us to follow the develop-
ment of strong electric currents over long time-scales.� 2

x
is a second-derivative operator with respect to the mesh
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Fig. 5.Boundary 
o w patterns applied
for � = 120� and 150� , shown by dark
arrows superposed to the same bz (z =
0) isocontours as shown in the top row
of Fig. 1. The 
o ws are �xed in time for
t > 13 (seeEq. [15]).

rather than to spatial units. For any quantit y f , this op-
erator is equal to:

� 2
x f = f (x i +1 ; yj ; zk ) � 2f (x i ; yj ; zk ) + f (x i � 1; yj ; zk ) (17)

So as to reach a compromise which ensuresthat the
e�ects of resistivit y are small, but enough to ensurenu-
merical stabilit y for a long time, we set � = 1:5 � 10� 6

in all our simulations. This leads to a low characteristic
resistive speedof � =d = 10� 3 = 0:5% c� .

Considering u� as the characteristic velocity of the
system implies the following magnetic Reynolds and
Lundquist numbers: Rm = 1:5 and Lu = 200 at the
scaleof the smallest cell, Rm = 200 and Lu = 2:6 � 104

at the scale of the central bipole P2N2, Rm = 103 and
Lu = 1:3 � 105 at the scaleof the full magnetic con�gu-
ration.

4. Development of electric currents

In spite of the very small scalesin the QSLs, which are
intrinsic to the studied con�gurations, our MHD simula-
tions do not result in numerical instabilities for several
tens of Alfv �en times. During this long time interval, elec-
tric currents develop in various regions(Sec.4.1). In par-
ticular narrow current layers develop all along the QSLs
(Sec. 4.2), while the strongest current layer is formed at
the HFT where the QSLs are the narrowest (Sec.4.3).

4.1. Extendedand narrow current layers

In all our simulations, the footpoint motions naturally
lead to the formation of nearly-�eld-aligned currents dis-
tributed over wide volumeswhich are de�ned by the enve-
lope of the �eld lines which are transported. We call them
\extended current layers". Thesecurrents are stronger for
the twisting motions than for the translation motions (see

Fig. 6). Even though thesecurrents are relatively strong,
they do not tend to dissipateeasily, sincethey result from
large-scalemagnetic �eld gradients in the domain induced
by the line-tied motions. Indeed, the resistive dissipation
term is / 4 b � |=L , which clearly shows that for equal
electric current densities,the narrowest current layerswill
dissipate more quickly. Since the boundary motions are
lessthan 1% of the Alfv �en speed, the electric current re-
mains nearly aligned with the magnetic �eld in these ex-
tended regions, so the whole con�guration is always very
closeto a force-freestate. This behavior is typical of ev-
ery MHD simulation with slow line-tied boundary mo-
tions (e.g.DeVore& Antiochos2000;T•or•ok & Kliem 2003;
Aulanier et al. 2005).

It must be noted that in the time interval during which
our motions are prescribed, the footpoint displacements
remain relatively small, at most of the order of � 1=4th

(resp. 1=7th ) of the characteristic size of the system for
� = 120� (resp. 150� ). This is shown in Figs. 1 and 2.
Also, as explained in Sec.3.2, noneof the prescribed line-
tine motions possessvery small scales.In spite of all this,
the footpoint displacements in our simulations lead to the
development of \narro w current layers" at z � 0. They be-
gin to form on small scalesassoon asthe motions start, so
they mostly do not comefrom sometime-varying steepen-
ing e�ect. Another property is that, for a given magnetic
�eld con�guration, these narrow currents layers form in
the samespeci�c locations (seeFig. 6), whatever the pre-
scribed motions, translation or twisting.

All the above properties lead to the conclusion that
these narrow current layers are not a direct consequence
of the prescribed velocity gradients at z = 0, as is usually
the casein line-tied MHD simulations in which large-scale
and long-duration braiding or twisting or shearingmotions
are applied (see e.g. van Ballegooijen 1986; Mikic et al.
1989; Galsgaard & Nordlund 1996; DeVore & Antiochos
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Fig. 6. Greyscale images of the coronal currents j (x; z) at y = 0:07 in linear scale. In all panels, dark grey corresponds to
j (x; z) = 0. White corresponds to j (x; z) = 100; 300; 100; 150 respectively, for the (upper-left), (lower-left), (upper-right ), and
(lower-right ) panels.Each image shows the co-existenceof \extended" currents which result from the line-tied footpoint motions,
of \narro w" currents layers within the whole QSLs, and of an intense current layer at a Hyp erbolic Flux Tube (\HFT") located
where the narrow current layers intersect. The plots are drawn a few Alfv �en times before the magnetic �eld gradients reach the
scaleof the mesh in the HFT.

2000;Galsgaardet al. 2003;Aulanier et al. 2005).2D slabs
(in x; z) of the 3D currents layers are shown in Fig. 6, a
few Alfv �en times beforemagnetic �eld gradients reach the
scaleof the meshand halt the simulations. Thesecurrents
display a shape which is reminiscent of separatriceswith
a null point or with a separator, though noneof the latter
exist in the 3D magnetic con�gurations that are analyzed.

In the translation cases,the electric current densities
in the narrow layersare almost everywherelarger than the
extendedcurrents. They are also associated with Lorentz
forces, so that they are not fully force-free. In the twist-
ing cases,the extended currents are the highest at low
altitude above the polarit y P2 for z � 0:05, but they have
similar magnitudesthan thosein the narrow layersalmost
everywhereelse.For both typesof motions, the magnitude
of the currents in the narrow layers and in the extended
regions increasein time at similar rates, except in the re-
gion wheretwo narrow layersintersect (Fig. 6). In all runs,
the smallest-scalecurrents eventually form in this latter
region. Their time-evolution is described in Sec.4.3.

4.2. Current layersat QSLs

In order to investigate the relation between the current
layers and the QSLs, we calculate the distribution of the
squashingdegreeQ(z = 0) with exactly the sameproce-
dure as described in Sec.2.3 for the potential �elds. For
all con�gurations, the maximum values of the squashing
degreeQmax and the associated widths � Q of the QSLsare

given in Table2, ascalculatedwith spatial resolutionsthat
are typical of the numerical meshand with resolutionsthat
are much �ner than the mesh.With both resolutions, we
note that Qmax is larger than 2 by several orders of mag-
nitudes. The precisecharacteristics of the QSLs, however,
strongly depend on the resolution at which they are com-
puted. For a resolution equal to the smallestgrid sized of
the MHD simulations, � Q ' d� 3d for both con�gurations.
But for the higher resolution, the minimum value of � Q is
always much smaller than d (except for the potential �eld
of the con�guration � = 120� where � Q � d). Thus the
numerical grid of the MHD simulations does not resolve
most of the QSLswhich result from the footpoint motions.

The 2D maps of Q and j at z = 0 are drawn in Fig. 7
at the same times as in Fig. 6. Apart from the regions
that were directly a�ected by the boundary motions (i.e.
within and around P2), Q and j show a striking resem-
blance in all four cases.The similarit y is most evident for
the translation motions, since the latter produce lessex-
tended �eld-aligned currents in the displaced 
ux tubes.
But the similarit y is also very visible when twisting mo-
tions are applied. Also, apart from the region covered by
the 
o ws, the QSLs are weakly deformed by the line-tied
motions (compareFigs. 3 and 7). The currents then spon-
taneously form where the QSLs are located in the poten-
tial �elds. Sincethe selectedmotions have no relationship
with the QSLs, we then reach the interesting conclusion
that any boundary line-tied motion invariably results in
the formation of current layers all along narrow QSLs. In
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Fig. 7.(Left column): Greyscale images
of the electric currents at the lower
boundary j (z = 0) in logarithmic scale.
In all panels, white (resp. dark grey)
corresponds to j (z = 0) = 850 (resp.
10� 3 ). (Right column): Greyscale im-
ages of the squashing degree at the
lower boundary Q(z = 0) in logarithmic
scale. As in Fig. 3, for � = 120� (resp.
150� ), white corresponds to Q = 5
(resp. 6) and black to Q = 1:3 � 105

(resp. 1011 ).

our simulations, most of the spatial locations of thesecur-
rent layers are de�ned by the intrinsic properties of the
magnetic con�gurations that already exist for the corre-
sponding potential �eld. They arenot de�ned by the topo-
logical properties of the boundary motions. Then these
current layers are formed just like current sheetsin con-
�gurations which have separatrices.We then reach an op-
posite conclusion from Tito v et al. (2003) and Galsgaard
et al. (2003), who pretend that the nature of the bound-
ary motions is a determining factor in the formation of
current layers in QSLs.

Figure 7, especially for � = 120� for which larger twists
could be applied, clearly showshow the rotational motions
deform the QSL in the middle of P2, and how they tend to

develop new wide and well resolvedQSLs(with weaker Q)
around the envelope of the twisted area. Thesenew QSLs
result directly from the twisting pro�le, which rapidly de-
creasesto zero away from the center of P2. It is worth
noticing that thesenew QSLsare alsomatched by electric
currents, but they are neither as intense nor as narrow
as the current layers which form in the main QSLs (see
Fig. 6).

It is �nally interesting to note that in our four simu-
lations, the widths of the narrow current layers that form
around QSLs tend to be larger for initially broader QSLs,
asseenin Figs. 6 and 7. Also, the width of the current lay-
ers is well resolved, of the order of � Q as calculated with
the resolution of the numerical simulations. This issueand
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Fig. 8. Color imagesof 2D slabs (in x; z) at y = 0:07 of the HFT for the con�guration � = 150� at t = 38 evolved with twisting
motions (see Fig. 6, lower-right panel). (Left panel): logarithm of the squashing degree= log Q. (Midd le panel): inverseof the
scale-length of the magnetic �eld gradients in current layers = |=b. (Right panel): magnitude of the electric currents = | .

its consequencesare discussedfurther both in the context
of QSLs and separatricesin Appendix A.

4.3. The Hyperbolic Flux Tube

Apart from the regions right above sheared/twisted po-
larities, the strongest electric currents ,which eventually
form in all our simulations, are always located at high z,
even though the magnetic �elds are the strongestat low z
(seeFig. 6). The location of thesecurrents correspondsto
the region in the QSL that has the highest squashingde-
greeQ. It is the core of the QSL. In the limit of in�nitely
thin QSLs, this region corresponds to the intersection of
two separatrices,which is called a separator. Contrary to
a separator,which is a singular line, the HFT is a complex
layer-like volume that takes the very elongated shape of
the QSLs at the boundary, as shown in Eq. [6]).

For the speci�c con�guration � = 150� at t = 38
evolved with twisting motions, Fig. 8 shows the compar-
ison of the squashingnumber in the vicinit y of the HFT,
calculated from global �eld line integrations with both the
magnitude and the width of the current layers calculated
from the local magnetic �eld derivatives.The Q map was
calculated as explained in Sec.2.3, except that the grid
was de�ned on the plane y = 0:07 (instead of z = 0) and
that the �eld lines were integrated in both directions from
this plane. A similar behavior was found in all our runs.
It is obvious that even though the strongest currents are
the distributed onesat low altitude, the current layersare
narrower within QSLs. Thesenarrow currents reach their
minimum thicknesswithin the coreof the QSLs, i.e. in the
HFT. As mentioned in Sec.4.2, it is alsoclear from Fig. 8
that the currents which form in the MHD simulations are
broader than the unresolved central peaksof the QSLs.

At early times, the current layer, which developsin the
vicinit y of the HFT at high z, �rst has a nearly circular
shape in the (x; z) plane around y = 0, with four exten-
sions along the QSLs. Its diameter is � 3 � 10� 2 � 20d.
In the caseof twisting motions, it is a combination of the
outer parts of the extended currents and of the currents

which form right in the middle of the HFT. This combi-
nation explains the spatial shift betweenthe center of the
current sheetand of the HFT visible in Fig. 8. In the case
of translation motions, however, the maximum currents
are almost co-spatial with the center of the HFT. Then in
all our runs, as time progresses,this current layer 
attens
vertically along z and slowly expandshorizontally , mostly
along x. We thus �nd that, whatever the preciseform of
the boundary motions, HFTs are preferential places for
the formation of an intensecurrent layer.

We checked that no stagnation point for the veloc-
it y ever forms in the vicinit y of the HFT in any of our
simulations. This is again contradictory to the restricted
conditions that Galsgaard et al. (2003) found for current
sheet formation in HFTs. This quantitativ e di�erence is
probably due to our much thinner pre-existing QSLscom-
bined with the absenceof special symmetry properties in
our models. All our magnetic �eld lines are rooted in one
single line-tied plane (whereasGalsgaardet al. 2003,con-
sidereda straightenedcon�guration betweentwo opposite
line-tied plates), and only one of our four polarities is lo-
cated in the boundary 
o w region (whereasall four polar-
ities are displaced in Galsgaard et al. 2003). The precise
dynamics and geometry of the HFT current sheetsin our
simulations are still controlled by the form of the line-tied
motions, asshown in Fig. 6. The steepening of the current
layer is mostly due to local compressive shearingmotions,
which result from a combination of the di�eren t vertical
expansionsand of the horizontal rotations of the �eld lines
acrossthe HFT, sincethey have di�eren t sizesand are not
rooted in the sameregionsat z = 0. It is then natural that
Galsgaardet al. (2003) could not obtain this behavior and
thus neededto create a stagnation point so as to create a
current sheetat the HFT, consideringthe absenceof both
short and long �eld lines in their straightened magnetic
�eld con�guration.

Electric current and magnetic �eld pro�les along z for
�xed (x; y) positions passing through the middle of the
HFT are shown in Fig. 9; from these plots, one can esti-
mate more quantitativ ely what the greyscalelevels corre-
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Fig. 9. Plots of the three components of b and j along z at
(x; y) = (� 0:02; 0:07). The whole domain along z is shown.
In the �rst and second rows, (contin uous-red, dashed-blue,
long-dashed-green)lines respectively correspond to (bx , by , bz ).
In the third row, (contin uous-red, dashed-blue, long-dashed-
green, thick-contin uous-black) lines respectively correspond to
(| x , | y , | z , | ). In both cases,the location of the smallest scale
for b associated with the narrowest peak of | corresponds to
the HFT. Note that in this region, when the same small scale
is achieved, the jump in b, so the current magnitude, is larger
for initially wider QSLs (i.e. for � = 120� shown in the left
column).

spond to in Figs. 6 and 7. The potential �eld pro�les are
also drawn for comparison.Theseplots are comparablein
the sensethat they correspond to the formation of similar
small scalesin the HFT. These plots suggestthat for a
given magnetic con�guration, the broader the QSLs are
for its potential �eld, the longer the twist can be applied
on the boundary and the higher the electric currents can
be generatedin the HFT, beforethe latter reach the scale
of the mesh, i.e. the dissipative scale.

In all our simulations, provided that the viscousterm
waswell adapted, the steepmagnetic �eld gradients which
progressively form in the HFT invariably causednumerical
instabilities after several tens of Alfv �en times, which even-
tually halted the simulations. We veri�ed that increasing
� permits to further evolve the systemsfor longer times.
But we did not pursue in this direction, since the aim of
this paper was to study the formation of current layers

and their possiblecollapseat the scaleof the mesh,with
reduceddi�usiv e e�ects.

The Lorentz forces are the strongest at the HFT.
First analysesshow that once the scale-lengthsare small
enough, the Lorentz forces lead to an undriven collapse
of the current layer, and they accelerate the plasma at
its outer edgesfor non-zero resistivities. This results in a
magnetic reconnection-likeprocess,but the related change
of connectivity during the di�usion is not discontinuous.
Instead the �eld lines tend to slip alongeach other on both
sidesof the HFT, while their footpoints at z = 0 quickly
shift along the QSLs over long distances.Field line slip-
page was in fact �rst envisioned in the general context
of magnetic reconnection with no null point by Priest &
D�emoulin (1995). Theoretical arguments for it weredevel-
oped by Priest et al. (2003). It wasonly recently identi�ed
in non-zero � MHD simulations of reconnectionwithin a
thick HFT (Pontin et al. 2005) and between shearedar-
cadesin the frame of prominencemodeling (DeVore et al.
2005;Aulanier et al. in preparation). We thus believe that
this speci�c behavior is the generalization magnetic re-
connection from 2D to 3D, when neither null points nor
separatorsare present in the system. Detailed analysis of
this processin zero-� for our modeled con�gurations will
be the object of a forthcoming paper following the present
one.

5. Discussion

5.1. Summary

We considered two quadrupolar con�gurations (Figs. 1
and 2). They only di�ered by the respective angle made
between the axes of the large outer and the small in-
ner bipoles within one con�guration. In spite of their
quadrupolar nature, these con�gurations were, strictly
speaking,bipolar. They did not possessseparatrices.They
still had strong gradients of �eld line connectivity in re-
gions called QSLs (Figs. 3 and 4).

We considered two types of line-tied boundary mo-
tions, with zero-� resistive MHD simulations, using a
191� 161� 170 non-uniform mesh. These motions were
prescribed so as to displace only the �eld line footpoints
within one of the polarities of the inner bipole, either by
translation, or by twisting motions (see Fig. 5). Their
maximum velocity was very sub-Alfv�enic, allowing tens
of wave re
ections from one footpoint to another. They
led to the advection of �eld lines over distancesthat were
small compared to the characteristic scale-lengthsof the
con�gurations (see Fig. 1). Their gradients had typical
scale-lengthswhich were between that of one single po-
larit y and that of the whole quadrupolar con�guration.
These
o ws neither possessedany stagnation point at the
line-tied boundary nor did they result in the formation of
stagnation points in the domain as a result of the MHD
evolutions.

The prescribed motions �rstly resulted in the develop-
ment of extended quasi force-freecurrents. The location
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and amplitude of these currents were directly related to
the form of the motions, as is the casein all line-tied mag-
netic �eld simulations.

The key result is that these motions also invariably
resulted in the formation of very narrow current layers,
even though no true magnetic separatriceswere present
in the systems(seeFig. 6). These narrow current layers
werealways cospatial with the QSLs for various footpoint
motions (seeFig. 7). Most QSLsalready existed in the po-
tential �elds, and the evolution of their shapesmainly re-
sulted from the advection by the boundary motions. Some
secondaryQSLs also formed where the boundary motions
had the steepest sheargradients. Current layers naturally
developed in theseQSLs as well.

The thin volume corresponding to the highest squash-
ing degreeQ of the QSLshad a speci�c shape which led us
to call it a HFT. For long enoughmotions, the strongest
and narrowest current layer developed around the HFT
(seeFigs. 6 and 8), even though no stagnation point ever
formed in this region. In typical magnetic con�gurations
that possessseparatrices,a current sheetis known to form
with almost all kinds of boundary evolution at the separa-
tor, or at the null point if the 3D separatrix is only made
of a fan surfaceand a singular spine �eld line. The current
layer forming at the HFT is a generalization of the latter
for con�gurations without separatrices,but with QSLs in-
stead.When the magnetic �eld gradients reached the scale
of the mesh, numerical instabilities developed as a natu-
ral result of the formation of unresolved gradients in this
region.This instabilit y could only beprevented by increas-
ing the resistivit y. Comparisonsof several con�gurations
have shown that the wider the QSLs were in the potential
�eld, the stronger the currents becamein the HFT before
they reached the dissipative scale(seeFig. 9).

Sincewe varied both magnetic �eld con�gurations and
footpoint motions, we started exploring the parameter
space. The generic characteristics of our results on the
development of electric currents suggeststhat they must
alsobe valid in any magneticcon�gurations that havethin
QSLs.

5.2. A model for solar 
a res: topology, energybuild-up
and switch-onof reconnection

Our results have strong implications for the physicsof so-
lar 
ares in general.Flare models that are basedon mag-
netic reconnectionin narrow current layerscan be divided
into two main classes.The �rst classinvolvesa large-scale
MHD instabilit y (e.g. Amari & Luciani 1999) or a global
non-equilibrium (e.g. Forbes2000),which results in a fast

ux tube deformation on time-scalesthat can be Alfv �enic.
The latter leadsto strong vortical and/or compressivemo-
tions, which naturally results in the dynamic formation of
narrow current layers and in the triggering of reconnec-
tion, with or without complex topologiesin the pre-
are
con�guration. Sincewe have consideredonly modest foot-
point motions, our simulations are not directly relevant

to these models. The secondclassof 
are models consid-
ers the slow buildup of large current sheetsin separatrices
(Somov 1992, and referencestherein). They predict that
the width of the current sheetsthat spontaneously form in
separatricestends to zeroin the limit of in�nite Lundquist
number (e.g. Aly 1990; Lau 1993). So they require that
the current sheetsdo not di�use for a long time (which
is problematic, as discussedby Low & Wolfson 1988), be-
fore reconnection is switched on due to the triggering of
plasma (or MHD) instabilities within the current sheets
when somethreshold is reached. Our simulations extend
the latter models, and provide natural solutions to their
di�culties.

In magnetic con�gurations which initially contained
broader QSLs, the electric currents in the HFT increased
to higher magnitudes when the magnetic �eld gradients
reached the dissipative scale (Sec. 4.3). Then if the fast
energy releaseis not the result of a global instabilit y, as
in our simulations, the narrower the initial QSLs are, the
shorter the time it takesto reach the dissipative scaleand
the less energy is likely to be accumulated before (and
releasedduring) a 
are-lik e event.

We then arguethat the most energeticsolar 
ares that
are not triggered by an early large-scaleideal instabil-
it y must occur in magnetic con�gurations whose corre-
sponding potential �eld have broad QSLs. This is rather
counter-intuitiv e if one considersthe long history of the
separatrix-related 
are models mentioned above, which
involve the formation of long current sheets, which are
spontaneously in�nitely thin, during the energy build-up
phase.

Let us now rescaleour models to solar units for an
active region. Typically, distances between P2 and N2
should be � 20 Mm, photospheric velocities should be
� 0:1 km.s� 1, and Alfv �en speedsshould be � 103 km.s� 1.
In this context, the Alfv �en time is � 20 s and the pho-
tospheric velocity is � 10� 4 of the Alfv �en speed. In our
simulations for � = 120� , the currents in the HFT reached
the scaleof the mesh in � 102 Alfv �en times, and we used
a line-tied velocity of � 10� 2 of the Alfv �en speed.The en-
ergy build-up phaseconverted to solar units should then
be of the order of � 104 Alf �ven times, i.e. � 2:3 days. This
is of the order of the observed time-scales.We then pro-
posethat the above estimations, combined with the slow
driven gradual steepening of the magnetic �eld gradients
in the vicinit y of a HFT, until they reach small dissipa-
tiv e scales,permits to solve the long standing paradigm
for both the long-duration energy storage before a 
are
takes place, and for the switch-on of magnetic reconnec-
tion during the impulsivephaseof the 
are. This hasbeen,
in fact, one of the main problems in line-tied separatrix-
related models, as discussedby Low & Wolfson (1988).

Our results then support and extend past works that
associate temporal and spatial properties of observed so-
lar 
ares with QSLs computed from magnetic �eld ex-
trap olations. When the magnetic con�guration has a low
free magnetic energy stored or when the con�guration is
strongly quadrupolar, the potential �eld extrapolations



G. Aulanier et al.: Current sheet formation in QSLs and HFTs 15

of observed photospheric magnetogramsand calculation
of the resulting QSLs are su�cien t to predict where a

are can potentially take place (D�emoulin et al. 1997;
Gaizauskas et al. 1998). When the distributed currents
are important (so the free energy is high) and the con-
�guration is more bipolar, force-free �eld extrapolations
are neededto determine the location of the QSLs with
more accuracy, so the 
are location (Mandrini et al. 1996;
Schmieder et al. 1997;Bagal�a et al. 2000).Extrap olations
and QSLs should then also be useful for predictingthe ac-
celeration sitesand tra jectoriesof solar energeticparticles
in 
ares.

5.3. The role of QSLsin coronal heating

Many models exist for heating the corona by the dissi-
pation of thin current layers, as extensively reviewed in
Mandrini et al. (2000). The related currents can either be
of the AC (alternativ e current) or of the DC (direct cur-
rent) type. Only the latter are related to low-frequency
perturbations such assub-Alfv�enic line-tied footpoint mo-
tions. Presently , observational constraints permit to select
the most relevant models (D�emoulin et al. 2003;Schrijv er
& Title 2005).DC type modelsare among the oneswhich
ful�ll observational requirements.

Recently , Gudiksen& Nordlund (2005)haveperformed
MHD simulations of turbulent 
ux braiding in a poten-
tial �eld that was extrapolated from an observed mag-
netogram. The development of narrow current layers in
their simulations was due to the line-tied driving. Since
their boundary 
o wsfollow a turbulent power-spectrum, it
should naturally createsmall scalesand stagnation points
in the velocity pro�les, as directly prescribed in the sim-
ulations of van Ballegooijen (1986) and Galsgaard et al.
(2003). Thus, onemay arguethat the topology of the 
o w
was directly at the origin of the current layers which de-
velop within the coronal volume.

Here we proposethat another e�ect might play a non-
negligible role in this particular simulation, and on the
Sun more generally, basedon the idea that well developed
active regions are typically composed of numerous 
ux
concentrations. Even with strictly bipolar and potential
con�gurations, D�emoulin & Priest (1997) found very thin
QSLs,when several 
ux concentrations wereembeddedin
a (non-zero) weaker vertical �eld background. They show
that the QSL thicknessstrongly dependson the intensity
of this background. In the present paper, we have shown
numerically that narrow current layers spontaneously de-
velop in such QSLs,even though we consideredmuch sim-
pler con�gurations with only two 
ux concentrations on
each side of the inversion line. So we believe that at least
someof the current layersin Gudiksen& Nordlund (2005)
must be associated with QSLs de�ned by the magnetic

ux concentrations at the boundary, rather than with the
topology of the boundary 
o ws,which must anyway create
others QSLs, even if the magnetic �eld is initially homo-
geneous.

This conjecture and its associated time-scalesshould
be tested in the future. If QSLs associated to the 
ux
concentrations dominate in general, their calculation in
potential (or force-free) �eld extrapolations of any high
resolution magnetogram could be a good proxy not only
for the occurrence of solar 
ares, but also for the loca-
tions where coronal heating results in the illumination of
discrete loops in EUV imagesof the corona. Wang et al.
(2000) and Fletcher et al. (2001) provided �rst observa-
tional evidencesof this.

Appendix A: Numerical and physical issues
regarding resistive and viscous e�ects in
separatrices and QSLs

For the bipolar magnetic con�gurations that we studied,
especially for � = 150� , but also for more general con-
�gurations, the pro�le of the squashingdegreeQ can be
very strongly peaked(D�emoulin et al. 1996a,b;Tito v et al.
2002). This peak is, in fact, in�nitely high and thin in
the case of separatrices. The related full width at half
maximum of the Q pro�les can then often be orders of
magnitudesbelow the grid resolutionspresently achievable
in MHD simulations. We argue that in an ideal plasma,
the continuouscharacteristics of the ideal MHD equations
(with neither resistive nor viscous e�ect) should physi-
cally advect the �eld lines in the volume according to the
line-tied boundary motions. We believe that this physical
advection should then typically form thin current layers,
with a thicknesscomparableto the QSL thickness(zero in
the caseof a separatrix, seee.g.Aly 1990;Low & Wolfson
1988; Lau 1993). The width of the current sheets that
form is of major importance for 
are and reconnection
modeling, since it clearly determines the di�usiv e time,
thus the duration of energystorage(seeSec.5.2) and the
reconnectionrate (seee.g. Sweet 1958;Petsheck 1964).

If the physical behaviour described above is also true
when discretized equations are used in a numerical sim-
ulation, the line-tied motions should try to form sharp
current layers at the QSLs on a time-scaleof the order of
the travel time of Alfv �en wavesalong a QSL �eld line, and
at a scalebelow the grid resolution, thus further leading
to a quick numerical instabilit y over a few time steps.This
fast instabilit y clearly doesnot happen in our simulations.
It doeshappen in the HFT, but only after tens of Alfv �en
time units. Outside the HFT, but still within the QSLs,
all our simulations result in current layers that are indeed
narrow, but that are still resolved and far wider than the
QSL itself (see Fig. 8 and Table 2). The same behavior
is found in many separatrix line-tied 2.5D MHD simu-
lations (e.g. Ma et al. 1995; Longcope & Magara 2004),
which should physically result in spontaneouszero-width
current sheet formation (as discussedby Low & Wolfson
1988). In the caseof MHD numerical simulations, three
questionstherefore arise:

{ (1) How is the discretized system of MHD equations
sensitive to the QSL small-scales(or separatrix zero-
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scale) that already exist below the meshresolution at
t = 0 ?

{ (2) How do the resistive and viscousterms control the
width of the current layers that form around separa-
trices and QSLs ?

{ (3) How reliable are line-tied simulations of unresolved
QSLsand separatricesin the calculation of time-scales
associated with reconnection (duration of the energy
storageand reconnectionrate) ?

In order to discussthese major issues,we performed
two other simulations (hereafter labeled\S1" and \S2") of
our sharpest case:� = 150� with twisting motions. Both
simulations were done with exactly the samesettings as
the original (let us call it \S0"), except that � = 0 in S1
and � = 0 and u� ? (t > 13) = 0 in S2.S1surprisingly gave
very similar results to S0.In particular, the narrow current
layersthat formed in the QSL, although they wereslightly
more intense, spontaneously developed on the same (re-
solved) scale,for tens of time units. The main di�erence
is that S1 was halted earlier than S0, at about t � 31 in-
stead of 40, becauseof numerical instabilities developing
in the HFT, not elsewherein the QSL. This earlier insta-
bilit y wasexpectedo� course,sincethe current build up at
the HFT wasnot weakenedby di�usion. However the long
duration of the ideal simulation was not expected accord-
ing to the idea that magnetic di�usion was not there to
ensurethat the current layers within the QSLs remained
resolved. S2 remained stable for about one A
v �en time
after the viscous term was set to zero at t = 13, and
fast growing numerical instabilities stopped the run by
t � 15. Even though common sensetells us that setting
all di�usiv e terms in an MHD simulations cannot result
in anything elsethan a numerical instabilit y, we still per-
formed this run to seewhere and how the instabilit y �rst
developed. We found that it did not occur in the HFT,
but on both sidesof the magnetic con�guration, around
(x; z) = (� 0:25; 0:18). These regions did not correspond
to the strongest squashingdegreeQ, but rather to the re-
gionswhere the ratio betweenthe (non-uniform) grid size
to the width of the unresolved QSL peak was the highest.

Comparing the three simulations permits us to give
someanswers to the questionsaddressedabove.

{ (1) Sincewith no di�usiv e term, numerical instabilities
�rst and very quickly develop where the QSLs are the
least resolved, we argue that our MHD code is some-
how aware of the �eld line connectivities, even if the
latter have strong unresolved gradients. Sinceour nu-
merical scheme (described in detail in Aulanier et al.
2005)has no explicit feature to ensurethis, we believe
that it is a generalproperty of all explicit codesthat do
not incorporate any important scheme-baseddi�usiv e
e�ects.

{ (2) Sincea simulation with only viscosity is barely dis-
tinguishable from another one with both viscous and
resistivee�ects, it appearsthat not only resistivit y, but
also viscosity, is a determining factor in the broaden-
ing of current sheets.The e�ect of the latter is in fact

to smoothe the velocity pro�les that result from the
A
v �en wavesthat transport the information from one
�eld line footpoint to another. So the shearing pro-
�le of the magnetic �eld on both sidesof the QSL at
z > 0 is arti�cially broadened,regardlessof any resis-
tiv e e�ect. This issueis not mentioned often in numer-
ical simulations of separatricesand null points, which
tend to focustheir parameter study on the value of the
Lundquist number.

{ (3) Sinceviscosity and resistivit y both limit the width
of the current layers (to achieve long runs), it seems
that the slow ampli�cation of electric currents in mag-
netic �eld gradients that are on the scaleof the mesh
(i.e. the pre-
are energybuild-up phase)is fully condi-
tioned by the di�usiv e terms, which are always much
higher than in a real plasma. Hence,the current sheet
gradual stretching that is calculated in unresolved
HFTs (see Fig. 8, middle panel) or at the intersec-
tion of separatrices(e.g. Biskamp 1986;Ma et al. 1995;
Longcope & Magara 2004) may then be unphysical.
This could have strong consequencesin the evaluation
of reconnectionrates.

In a real physical systemsuch asthe solar corona,how-
ever, the continuous MHD equations are applicable to a
much broader range of spatial scalesthan in present nu-
merical simulations. We conjecture that the true width of
the current layers within QSLs should then be de�ned by
the true pro�le of the squashingdegreeQ (as in Fig. 8,
left panel), while the boundary motions should de�ne the
precise current magnitude within these thin layers. The
central peak of Q can have very high values, tending to
in�nit y for a true separatrix, and the peak width can be
extremely narrow, tending to zero for a true separatrix).
Physical limitations to achieve these small scalesshould
then be micro-physics (di�usiv e) e�ects and �nite time
evolutions, if the characteristic wave propagation speedis
locally slow, e.g. in the vicinit y of a magnetic null point.
More generally, this implies that the gradual ampli�ca-
tion of electric currents in QSLs can only be possibleas
long as the later are broader than the physical dissipative
scale, whatever its precise nature (resistive or collision-
less). This suggeststhat slow line-tying motions around
separatricescannot account for anything morethan steady
coronal heating, since there, the currents readily form at
the dissipative scale.

All theseconjecturesaredi�cult to test quantitativ ely,
sinceresolving thin QSLsnumerically is di�cult. For very
thin QSLs, MHD simulations should be performed with
very small grid scales (see the values of � Q; H given in
Table 2), which are hardly reachable with present com-
puters facilities. Adaptiv e meshre�nement techniquesare
plausible ways to study a much larger range of scales.
For wider QSLs, the amplitude of footpoint motions re-
quired to generateenoughcurrents in the initial QSLsmay
be so large that new QSLs may form earlier on smaller
scales, due to the prescribed velocity-�eld topology at
the boundary. The newly formed QSLs can becomemuch
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thinner than the initial QSLs, thereby dominate the cur-
rent buildup. This is what happenedin the simulations of
Galsgaardet al. (2003), as discussedin D�emoulin (2005).
Since our con�guration for � = 120� has QSLs that re-
main resolved during about one fourth of the duration of
our simulations, a compromisebetweenboth possibilities
should be possibleto investigate in a closefuture.
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