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Abstract In the context of the increasing interest in large-aperture telescopes dedicated
to the Sun, we present a study to evaluate the adaptive-optics system limitations on the
requirements expected for magnetic-field extrapolations and data-driven MHD simulations
of active regions. The questions we address include: What is the size of the field of view
at high spatial resolution for a four-meter class telescope with a spectrograph? What is the
impact of the selected spectral domain on the performance in relation to the aforementioned
scientific goals? We show that the visible-wavelength domain remains difficult to explore
with ground-based telescopes using classical adaptive optics systems. The field of view
obtained will be only a few arcseconds at the diffraction limit for most of the time. We review
alternative configurations of adaptive-optics systems for different telescope apertures and
wavelength domains which could be considered for practical implementation in derivations
of the magnetic field from polarimetric observations.

1. Introduction

Solar physics research requires observations of magnetic features in a challenging range,
from one-tenth of an arcsecond for flux tubes, to a few arcminutes for active regions. An-
other demand on the image-compensation system is that the observer should be able to
analyze a broad field of view, in order to extrapolate the magnetic field. Focused studies of
small δ-spots only require relatively small fields of view, about 1.6 arcminutes; see Canou
Canou et al. (2009). However, the typical field of view required for extrapolation purposes
is larger than two arcminutes: typically three to four arcminutes for emerging active regions,
sigmoids, and medium-sized filaments (Aulanier and Schmieder, 2002; Pariat et al., 2004;
Schrijver et al., 2008; Canou and Amari, 2010), and up to six arcminutes for large filaments,
full AR studies, and later use of the results and initial conditions for MHD simulations (Li-
onello et al., 2002; Metcalf et al., 2008; Masson et al., 2009). Adaptive optics (AO) is used to
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recover diffraction-limited resolution with large ground-based telescopes by compensating,
in real time, atmospheric turbulence. However, adaptive optics requires a reference source
close to the object of interest in order to accurately sense the wavefront disturbed by turbu-
lence. The efficiency of the compensation by adaptive optics is limited by the conventional
anisoplanatism effect (Fried, 1962). The wavefronts incoming from two structures on the
Sun are different because of their different paths through the atmosphere. This effect limits
the field of view around the reference source where a useful correction can be achieved.

High image quality is important for the observation of small solar magnetic features
such as magnetic flux tubes. Nevertheless, accurate magnetic field topology studies, which
involve relatively small flux concentrations, require not only good spatial resolution but also
a homogeneous compensation of the terrestrial turbulence effects over an extended field of
view. In order to evaluate the limitations due to anisoplanatism, we present tools to determine
the quality of the measurement of the magnetic field after adaptive-optics compensation.

We analyze the nonlinear degradation of the measurements of the magnetic field per-
formed with a long-slit spectrograph system and polarimetric data performed on large fields
of view, taking into account the effects of anisoplanatism of turbulence of the terrestrial at-
mosphere. We analyze the spectra obtained from high spatial-observations performed with
a ground-based long-slit spectrograph to determine the specific requirements of spectropo-
larimetry. The magnetic maps are the result of a scan made of successive steps with the
spectrograph slit. The spatial resolution is determined by the spectrograph-slit width, but
the filling factor of the magnetic flux depends on the image quality. High image quality
for the observation of small solar magnetic features is necessary so that the light passing
through the spectrograph entrance slit will come from the same solar structure through-
out the integration time. Moreover, a precise image stabilization along the entire scan is an
important requirement to compensate for motions coming from instrument vibrations and
tracking errors (Molodij et al., 1998).

In Section 2, we derive new simple analytic laws to evaluate both the size of the corrected
field of view and the image quality for any classical AO system and telescope aperture. We
review the problem of magnetic-field measurement at high spatial resolution with a long-slit
spectrograph in Section 3. We simulate the effect of anisoplanatism for an implementation
of a low-order AO system in the infrared wavelength range, and we discuss the implications
of the results on high spatial resolution projects envisioned in the future, in the context of
full active-region observations as input for coronal models.

2. Theoretical Background

In this section, we present simple analytic laws to evaluate both the size of the corrected
field of view and the image quality for any classical AO system and telescope aperture.
Theoretical techniques to evaluate the effects of anisoplanatism on the performance of an AO
system are detailed in Appendix A. We show in the following subsections that the behavior
of the isoplanatic field of view after AO correction [θcor] and the image quality after AO
correction [σ 2

J ] are expressed as

σ 2
J ∝

(
D2

J

) 5
6

,

θcor ∝ D√
J

,

(1)

where J is the number of compensated modes and D the telescope aperture.
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These two functions are useful tools for evaluating the AO system limitations with regard
to the scientific requirements expected for magnetic-field extrapolations and data-driven
MHD simulations of active regions.

2.1. Determination of the Isoplanatic Field of View after AO Compensation

Considering an AO system of J degrees of freedom, the object wavefront [φobs] is corrected
by the phase reconstruction at the J th order of the reference wavefront [φref] separated by an
angle α. The residual phase variance after correction is (using the notation of Appendix A)

σ 2(α) =
∞∑

j=J+1

〈
(aj )

2
〉+ 2

J∑
j=2

[〈
(aj )

2
〉− 〈

a
(obs)
j a

(ref)
j

〉
(α)

]
, (2)

where the first term of the equality is the residual variance due to the limited number of
modes (Noll residual) and the second term corresponds to the anisoplanatism error after J

compensated modes.
The residual variance optimization in terms of field of view, i.e. for a given angle, is

obtained when for each polynomial j satisfies

〈
(aj )

2
〉− 〈

a
(obs)
j a

(ref)
j

〉
(α) > 0. (3)

This is the case when the normalized correlation function of the j th mode is larger than
50%. The residual variance is then reduced. The analytic expression of the 50% correlation
function [C1/2], introducing the polynomial radial degree n related to the polynomial j

by the relation 2j = (n + 1)(n + 2), the Bessel function of the nth order Jn, the spatial
frequency K , and the telescope diameter pupil D = 2R, is (see details in Appendix A)

C1/2(α,n,D) = 1

2

=
∫ ∞

0 dhC2
n(h)

∫ ∞
0 dK K−14/3J 2

n+1(K)J0(
αhK
R

)∫ ∞
0 dhC2

n(h)
∫ ∞

0 dK K−14/3J 2
n+1(K)

. (4)

The measured wavefront at angular distance α provides a satisfactory fit of the on-axis
wavefront when the correlation criterion of Equation (4) is satisfied for all of the correction
modes (Molodij, 2011).

Figure 1 shows the normalized angular correlation of the Zernike coefficients allowed for
an angular separation α normalized by the telescope radius R. This criterion allows us to
select the number of useful correction modes for a given angular distance between the two
wavefronts. Keeping in mind that all of the low orders must first be corrected, a higher-order
mode will be corrected only if the criterion is verified. This result is general in wavefront-
residual variance estimation in AO using modal analysis (Rousset, 1993).

In the following, we derive the optimal modal compensation behavior with respect to
the field of view, assuming that Equation (4) is an absolutely convergent integral and that
the different modes are related to the turbulence-profile distribution only with respect to the
power spectra; i.e. C2

n(h) is a constant (see Appendix C). The numerator of Equation (4) can
be expressed as

Constant ×
∫ ∞

0
dK K−14/3J 2

n+1(K)

∫ ∞

0
dhJ0

(
αhK

R

)
. (5)
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Figure 1 Angular correlation per radial degree [n] of the Zernike coefficients versus the angular separation
[α], between the object and the reference target, normalized by the telescope radius [R]. Curves are for
different radial degrees n = 1 to 12, calculated with the Hufnagel profile. Low-order polynomials are much
more correlated than the higher orders.

The integral of h can be expressed by a Mellin transform,

Fm(s) =
∫ ∞

0
xs−1f (x)dx, (6)

with s = 1 and using the transform properties f (ax) −→ a−sFm(s). One obtains

∫ ∞

0
dhJ0

(
αhK

R

)
=

(
αK

R

)−1

. (7)

The 50% correlation function can be rewritten as
∫ ∞

0
dK K−14/3J 2

n+1(K)

[
1 − D

αK

]
= 0. (8)

Two expressions of the Bessel functions Jn+1 can be derived from the asymptotic develop-
ment at high and low frequency,

Low frequency: Jν(K) −→ 1

ν!
1

2ν
Kν,

High frequency: Jν(K) −→
√

2
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4

)
,

(9)

with cos2(K − (2ν + 1) π
4 ) ≈ 1

2 if K → ∞.
A cutoff frequency can be defined at the curve intersections at low and high frequency

for each radial degree:
[
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, (10)
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with Stirling’s approximation for large n:

(n + 1)! ≈ (n + 1)n+1 exp
(−(n + 1)

)√
2π(n + 1). (11)

One derives that the cutoff frequency is proportional to n + 1 to conclude that the Zernike
polynomial of order n can be evaluated by Fourier modes corresponding to spatial frequen-
cies K(n) (Conan and Madec, 1994). The analogy between Zernike polynomials and Fourier
modes allows us to simplify the 50% correlation functions as

∫ ∞

0
dK K−14/3δ

(
K − K(n)

)[
1 − D

θcorK

]
= 0,

(12)

θcor = D

K(n)
≈ D

n + 1
,

where δ is the Dirac function.
The behavior of the correlation function of the last corrected Zernike polynomial [Nmax]

can be written as

θcor ∝ D

Nmax
or θcor ∝ D√

J
, (13)

with Nmax ≥ 2 and the number of polynomials, J = (n+1)(n+2)

2 .

2.2. Determination of the Image Quality after AO Compensation

The statistical estimation of terrestrial turbulence effects is well suited to analyze long expo-
sure data such as high-sensitivity spectropolarimetry observations. The acquisition time for
diffraction-limited observations is longer than a few hundred milliseconds (a millisecond is
the coherence time of the turbulence). We must use a criterion to evaluate the quality of the
restored image. This criterion is based on the residual phase variance, which must be lower
than a given value σ 2

J [rad2]. The residual phase variance has been approximated by Noll
(1976) for a large number of corrected modes (J > 10):

σ 2
J = 0.2944J−

√
3

2

(
D

r0

) 5
3

or σ 2
J ∝

(
D2

J

) 5
6

. (14)

Figure 2 shows the optimal field of view [θcor] and the optimal image quality related to
the residual phase variance [σ 2

J ] versus the number of compensated modes [J ] of the AO
for three different telescope apertures (one-, two-, and four-meter telescopes). The dashed
lower lines indicate the image quality expected after J compensated modes (the Strehl ratio
is SR = exp(−σ 2)). For instance, the conventional diffraction-limited aberration level is set
at a Strehl ratio of 0.8, i.e. a value of σ 2 = 0.2 rad2 (indicated by the horizontal dotted line
in Figure 2). Vertical arrows defined by the intersection of the 80% Strehl ratio and the σ 2

J

functions give both the maximum order of compensated J of the AO and the isoplanatic
domain, defined as twice the isoplanatic angle [intersection of the arrow and θcor functions].
A θiso of five arcseconds is found for the Hufnagel profile (Hufnagel, 1974) that has been
used to calculate the different terms in the residual wavefront error (Figure 3).

We remark first that the isoplanatic domain at diffraction after AO compensation is inde-
pendent of the telescope aperture. Second, for a four-meter class telescope, increasing the
number of degrees of freedom [J ] from 450 to 1700 does not lead to a significant increase
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Figure 2 Optimal field of view [θcor] (plain lines) and optimal image quality related to the residual phase
variance [σ 2

J
] (dashed lines) versus the number of compensated modes [J ] of the AO for three different

telescope apertures (one-, two-, and four-meter class telescopes respectively indicated in blue, green, and red).
Vertical axis on left shows both the residual phase variance [rad2] and the optimum field of view [arcseconds].
Right vertical axis indicates the Strehl ratio related to the residual phase variance. Notice that the conventional
diffraction-limited aberration level is set at a Strehl ratio of 0.8, i.e. a value of σ 2 = 0.2 rad2.

Figure 3 Plots of C2
n turbulence profiles from analytical modeling (r0 = 10 cm at λ = 0.5 μm) suggested by

Hufnagel in comparison with C2
n profiles from experimental measurements at Izaña in the Canary Islands. The

profiles are integrated from 10 m (above the ground) to 20 000 m to give Fried’s parameter r0 at λ = 0.5 μm
from 10 cm to 22 cm.

of the Strehl ratio but reduces by 66% the useful field of view. In the following, we refine
the analytical model especially for a low-order AO system to determine the largest isopla-
natic field of view. The residual wavefront distortions can be described modally in terms of
Zernike polynomials. The latter are chosen for their simple analytical form, and because of
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Figure 4 Isoplanatic domain (twice the isoplanatic angle θiso) corresponding to an image quality criterion of
λ/5 versus wavelength, for a four-meter class telescope after compensation of J = 10 to 1540 modes. Curves
are computed with the Hufnagel C2

n turbulence profile (r0 = 10 cm at λ = 0.5 μm).

the correspondence of the low-order Zernike polynomials to physically controllable modes
of correction (e.g., tilt, focus, and astigmatism). For instance, an AO system compensating
for turbulence disturbances up to the maximum radial degree N (N = 1 for tip–tilt system)
on an astronomical source at an angle α from the AO source reference is characterized by
the residual variance

σ 2(N,α) =
(

D

r0(λ)

)5/3

f (N,α), (15)

where D is the telescope diameter, r0(λ) at wavelength λ is the Fried parameter, and f (N,α)

is the function expressed analytically by Equation (32) of Appendix A.
The isoplanatic angle [αiso] is given by the equality

(
D

r0(λ)

)5/3

f (N,αiso) = σ 2
0 =

(
2π

a

)2 [
rad2

]
(16)

where the standard deviation 
sd =
√

σ 2
0 is expressed in wavelength units: 
sd = λ/a (rms).

Using the relation between the wavelength and the residual phase variance, Equation (16)
can be written as

λ (μm) = a

2π

√
f (αiso) 0.5

(
D

r0(λ)

)5/6

(17)

where r0 is the Fried parameter calculated at the wavelength λ = 0.5 μm.
Figure 4 gives the isoplanatic domain (twice the defined isoplanatic angle αiso) for

σ0 = 2π/5 corresponding to λ/5, i.e. a Strehl ratio of about 20%. This arbitrary value of
the residual error is the minimum image quality expected for astronomical observations.
Figure 4 shows the isoplanatic domains estimated for a four-meter class telescope after
compensation by different adaptive systems from a low-order system after J = 10 corrected
modes to J = 1540 to reach the diffraction limit in the visible wavelength range. Figure 5
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Figure 5 Isoplanatic domain (twice the isoplanatic angle θiso) corresponding to an image-quality criterion of
λ/5 versus wavelength, for a two-meter class telescope after compensation of J = 10 to 435 modes. Curves
are computed with the Hufnagel C2

n turbulence profile (r0 = 10 cm at λ = 0.5 μm).

shows the isoplanatic domain estimated for a two-meter class telescope after compensation
from J = 10 corrected modes up to J = 435 modes. We show that the capacity of a high-
order AO system is suitable for high spatial resolution observations with a severe reduction
of the field of view. As expected, the isoplanatic angle [αiso] increases with wavelength.
A four-meter class telescope would be well sized to the study of magnetic-field dynamics at
the granule scale. A question remains as to the adequacy of a four-meter class as compared
to a two-meter class telescope except for the purpose of collecting more photons.

We have examined the daytime measurements of r0 from balloon-sonde measurements
performed for several months (Barletti et al., 1973). The daytime data contain a number of
high values of r0, which are mostly from the very early morning, when the air is still quite
stable. However, the measurements of r0 must be corrected for the zenith angle of the Sun
to get a true estimate of what the solar observation would be like. If r0 is measured as 15 cm
at the Zenith, then for the Sun observed at ten degrees above the horizon, the effective r0

would be around 6 cm. Table 1 shows the estimated values of the isoplanatic angle for dif-
ferent observation conditions measured at Izaña in the Canary Islands corresponding to the
turbulence profiles displayed in Figure 3. The corresponding percentage of r0 is deduced
from the exceedance probability function. For each case, the required number of AO actu-
ators to reach the diffraction limit with a four-meter-aperture class telescope at 0.5 μm is
indicated. Note that, at an equivalent Fried parameter (r0 = 10 cm), the isoplanatic angle de-
rived with the Izaña model is smaller than the Hufnagel one. This is due to the unfavorable
contribution of layers distributed in altitude.

The residual variance of Equation (15) depends on the ratio [D/r0(λ)]5/3. The Fried
parameter depends on the wavelength and the turbulence profile considered:

r0(λ) =
[

0.033(2π)−2/3k2

0,023 cosγ

∫ Latm

0
dhC2

n(h)

]−3/5

∝ λ6/5, (18)

where γ is the angle to Zenith, and C2
n(h) the turbulence profile.
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Table 1 Estimation of the isoplanatic angle [θiso] and the minimum AO number of actuators (necessary to
reach the diffraction with a four-meter-aperture class telescope in the visible wavelength range) for different
observation conditions [%] corresponding to the C2

n profiles derived from experimental measurements at
Izaña in the Canary Islands. The profiles are integrated from 10 m (above the ground) to 20 000 m to give
Fried’s parameter r0 at λ = 0.5 μm from 10 cm to 22 cm.

Profile Probability [%] Fried parameter [cm] Number of actuators θiso [arcseconds]

Hufnagel – 10 1300 5

Izaña 50 10 1300 4

Izaña 10 18 500 10

Izaña 2 22 350 13

Figure 6 Isoplanatic domain (twice the isoplanatic angle θiso) corresponding to an image-quality criterion
of λ/5 versus wavelength, for a one-meter class telescope after compensation of J = 10 modes. Curves are
calculated with the modeled profile at Izaña (D/r0 = 4 to 10).

For instance, the performance of a one-meter class telescope observing in the visible
wavelength range at λ = 0.5 μm is equivalent to the performance obtained with a four-meter
class telescope in the infrared range at λ = 1.6 μm.

Considering that a large field of view after AO compensation is a crucial requirement for
extrapolation of the magnetic-field studies, a one-meter class telescope using a low-order
AO system would be an interesting compromise for observations in the infrared wavelength
range. This point of view is emphasized in Figure 6, where we consider isoplanatic do-
mains after low-order AO system compensation (J = 10) for different values of the Fried
parameter r0 determined from experimental measurements at Izaña (Barletti et al., 1973).

3. Spectropolarimetry Issues

3.1. The Magnetic Flux Measurements

We analyzed spectra obtained from high spatial resolution observations obtained with a
ground-based long-slit spectrograph to determine the specific requirements of magnetog-
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raphy. Even though focused studies of small δ-spots require only relatively small fields
of views, about 1.6 arcminutes (Canou et al., 2009), the typical field of view required
for extrapolation purposes is larger than two arcminutes: typically three to four arcmin-
utes for emerging active regions, sigmoids, and medium-sized filaments (Aulanier and
Schmieder, 2002; Pariat et al., 2004; Schrijver et al., 2008; Canou and Amari, 2010),
and up to six arcminutes for large filaments and full AR studies (Lionello et al., 2002;
Metcalf et al., 2008; Masson et al., 2009). It would be a major observational leap forward on
flare and coronal mass ejection research, via photospheric–chromospheric vector magnetic-
field maps accompanied by magnetic-field extrapolations, to have direct observation of the
lower atmospheric trace of coronal current sheets. These current sheets are the key ingre-
dient for magnetic reconnection (both in the seminal Sweet–Parker and Petsheck models,
as well as in more recent collisionless reconnection models), which powers flares. Mag-
netohydrodynamic (MHD) theory states that these current sheets should extend all along
the three-dimensional (quasi)separatrix surfaces (which separate regions of distinct mag-
netic field connectivities), and not only at the reconnection site (Low and Wolfson, 1988;
Masson et al., 2009; Moreno-Insertis, Galsgaard, and Ugarte-Urra, 2009). Observing the
low atmospheric trace of such sheets requires a high-resolution combined with a high po-
larimetric sensitivity, so as to measure small-scale changes in the amplitude and direction
of horizontal fields (via Ampere’s law). Second, various MHD models also invoke the oc-
currence of current sheets and reconnection right in the photo–chromosphere, e.g. for of
buildup of active-region scale, more-or-less twisted-fields that can eventually erupt (Van
Ballegooijen and Martens, 1989; Aulanier et al., 2010), or during flux emergence for the
gradual formation of classical �-loops (Pariat et al., 2004; Archontis and Hood, 2009;
Cheung et al., 2010). Until now, those currents have only been obtained from MHD sim-
ulation; their real observational existence is not yet proven. For both cases, one needs to
observe the full active-region field of view to catch the current sheets, because their exact
location is hard to predict within an active region, and because their use for subsequent full
active region scale modeling requires a homogeneous magnetogram.

As a reference, we use a magnetic field map, derived from spectropolarimetric observa-
tions made with the ground-based THEMIS telescope. The one-meter class magnetograph
was designed to obtain 0.45 arcsecond spatial resolution measurements in the visible wave-
length range of the solar magnetic-field vector from simultaneous observations of different
polarized spectral lines (Bommier et al., 2007). Figure 7 displays a comparison between
SOHO/MDI (at high spatial resolution, 0.6 arcsecond) and THEMIS/MTR of the same ac-
tive region (AR) 8668. The observation from THEMIS consists of several successive steps
of the slit scanning along a direction perpendicular to it, which results in a two-dimensional
spatial map (100 steps of a scan of the 0.4 arcsecond by 100 arcseconds slit). Spectra are
separated by 0.8 arcsecond, and the exposure time per frame is 0.3 second. A scan of the
region (160 × 110 arcseconds2) took 35 minutes for ten spectral domains and the Stokes se-
quence (Q,U,V ). The THEMIS map shows a better spatial resolution than that of SOHO in
both directions (0.4 arcsec). Nevertheless, the filling factor is changing due to the imprecise
position of the slit throughout the scan: weak vertical strips are perceptible.

3.2. The Infrared Spectral Domain Alternative

The near-infrared spectral domain remains the only possibility to obtain a large field of view
using a classical adaptive optics (AO) system for a four-meter class telescope. Examples are
the COMEon+52-actuator (Léna, 1994) or the NAOS 185-actuator system (Lagrange et al.,
2003). Two phenomena confer a serious advantage to choosing the infrared spectral domain
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Figure 7 Magnetic flux maps of AR 8668 observed 20 August 1999 with SOHO/MDI at high resolution at
0819 UT and with THEMIS at 0849 UT. Below: SOHO/MDI; the pixel resolution is 0.6 arcsecond. Above:
THEMIS; 100 steps of a 0.4 arcsecond by 100 arcseconds slit scan is displayed. The separation between
spectra is 0.8 arcsecond, and the exposure time per frame is 0.3 second.

for magnetometry for large-aperture telescopes. The first is due to the higher sensitivity of
the infrared spectral lines to the Zeeman effect: Zeeman shifts are proportional to gλ2 where
g is the Landé factor. The second comes from the properties of the turbulence: the value of
Fried’s parameter r0 = 10 cm in the visible wavelength range becomes 60 cm at 2.2 μm, for
instance. Figure 8 shows that the expected isoplanatic field of view is four times larger in
the 1.6 μm infrared than in the visible range.

Table 2 shows the estimated values of the isoplanatic angle for different observation con-
ditions presented in Table 1. For each case, the required number of AO-system actuators to
reach the diffraction limit with a four-meter-aperture class telescope in the infrared wave-
length range (1.6 μm) is indicated.

3.3. The Low-Order AO System Alternative

Accurate magnetic-field topology studies require first of all a homogeneous spatial resolu-
tion over an extended field of view. In the following, we explore the ability of a low-order
AO system that allows one to obtain the largest homogeneous field of view at a lower spa-
tial resolution. For that purpose, we select the minimum AO case of only ten compensated
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Figure 8 Comparison of the optimal field of view [θcor] (plain lines) and optimal image quality related to
the residual phase variance [σ 2

J
] (dashed lines) versus the number of compensated modes [J ] of the AO for

the visible and the infrared spectral domains (four-meter class telescope). Vertical axis on left shows both the
residual phase variance [rad2] and the optimum field of view [arcseconds]. Right vertical axis indicates the
Strehl ratio related to the residual phase variance.

Table 2 Estimation of the isoplanatic angle [θiso] and the minimum AO number of actuators (necessary to
reach the diffraction limit with a four-meter-aperture class telescope in the infrared wavelength, at 1.6 μm)
for different observation conditions [%] and corresponding to the C2

n profiles derived from experimental
measurements at Izaña in the Canary Islands. The profiles are integrated from 10 m (above the ground) to
20 000 m to give Fried’s parameter r0 at λ = 1.6 μm from 40 cm to 89 cm.

Profile Probability [%] Fried parameter [cm] Number of actuators θiso [arcseconds]

Hufnagel – 40 120 20

Izaña 50 40 120 18

Izaña 10 72.5 35 30

Izaña 2 89 25 35

modes to show the interest of the low-order system in favorable observation conditions (less
than a few percent of the time) in the near-infrared spectral band (1.6 μm) for a four-meter
class telescope. The performance is the same as that of a one-meter class telescope in the
visible region, as indicated by Equation (18).

We analyze the nonlinear degradation of the magnetic-field measurements obtained with
a long-slit spectrograph system on a large field of view, taking into account the effects of
anisoplanatism of terrestrial turbulence. The technique to simulate the optical transfer func-
tions (OTFs) is described in detail in Appendix B. The effects of anisoplanatism are pre-
sented in Figure 9 for excellent observation conditions at Izaña (less than 2% of the time
and corresponding to D/r0 = 5). The OTF after compensation through tip–tilt (J = 3),
astigmatism (J = 6), and coma (J = 10) are displayed for different angular separations in
the field of view for the same turbulence profile. As expected, one observes that the image-
quality improvement, when compensating ten modes, decreases rapidly when the angular
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separation increases for an extended source. At very large angles (α ≥ 20 arcseconds) in
Figure 9, the image quality after compensation of ten modes for D/r0 = 5 is hardly better
than that obtained without correction, because of the wavefront angular decorrelation. Fig-
ure 10 shows a comparison of the effects of anisoplanatism on a magnetic-field map after
real-time compensation by an image-stabilizer system, and by a ten controllable-modes AO
system in excellent observation conditions – less than 2% of the time at Izaña (Barletti et
al., 1973). We show the significant improvement of the spatial resolution, for observations
in the near-infrared wavelength range, when compensating the first ten aberration modes
at the field-of-view center. In this configuration, the AO system is centered on the sunspot,
and anisoplanatism effects are equivalent in both directions (parallel, and perpendicular to
the scan). This will not be the case of a hypothetical AO system working together with
the scan, i.e., in a stop-and-go synchronization for each scanning step (more difficult to
do).

In this simulation, a comparison of the retrieved shape of the magnetic-flux density pro-
file along the horizontal direction at the center of the maps after compensation demonstrates
the necessity of obtaining a homogeneous field of view with regard to the spatial resolution.
Spectroscopic diagnostics of the magnetic field require one to compensate for motions com-
ing from instrument vibrations and guiding errors as well as from random wavefront motions
caused by terrestrial atmospheric turbulence. Figure 11 presents a quantitative evaluation of
the spatial resolution after compensation by the system for a four-meter class telescope in
the near-infrared wavelength range. One observes a significant increase of anisoplanatism
effects in the field of view with the increase in the number of corrected modes. This simula-
tion allows us to understand that for small field-of-view observations, compensation of the
maximum of aberration modes is the best choice in terms of image quality, keeping in mind
the rapid degradation of this quality in the field of view. By contrast, with a low-order system
compensation, the image quality does not vary rapidly with the field angle. It also reveals
the important contribution of the large isoplanatic domain of the tip–tilt aberrations for AO
compensation. At a very large angle (α ≥ 20 arcseconds), with D/r0 = 5, the correction by
a stabilizer system is even better than that obtained with the compensation of the first ten
aberration modes by an AO system. For a four-meter class telescope, the on-axis correction
is relatively good considering the evaluation of the Fried resolution (0.32 arcsecond in the
central part of the field of view), and the degradation does not vary rapidly with the field
angle. This is due to the dominant contribution of the lowest altitude layers in the angular
correlation of the wavefronts. By comparison, the ten corrected-modes AO system is the best
choice in terms of image quality, keeping in mind the rapid degradation of the quality in the
field (resolution of 0.18 arcsecond up to 0.5 arcsecond in the 2 arcminutes2 field of view).
This demonstrates the importance of the decorrelation of the higher wavefront-deformation
modes in the field.

Accurate magnetic-field topology studies require a homogeneous spatial resolution over
an extended field of view. Classical low-order AO systems can achieve the required perfor-
mance in the near-infrared wavelength range under routine observation conditions. Exam-
ples for night-time observations are the COMEon + 52-actuator (Léna, 1994) or the NAOS
185-actuator system (Lagrange et al., 2003). Recently, the New Solar Telescope (NST),
the 1.6 m clear aperture at the Big Bear Solar Observatory (BBSO) is providing high-
resolution two-dimensional spectroscopic and polarimetric imaging in the near infrared re-
gion. The 308 sub-aperture (349-actuator deformable mirror) AO system will enable nearly
diffraction-limited observations at 1.7 μm. (Cao et al., 2010).
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Figure 10 Top left: Magnetic map observed with THEMIS, 17 August 1999, and selected as the reference
map for the simulation at the diffraction limit (the spatial resolution would be, for example, 0.1 arcsecond at
λ = 1.6 μm for a four-meter class telescope). The size of the field of view (for the purpose of the simulation)
is 2 × 2 arcminutes2. Top right: Effects of the turbulence and instrumental motions for a long-time exposure
(D/r0 = 5). The spatial resolution is five times the diffraction limit (for example, around 0.53 arcsecond at
λ = 1.6 μm for a four-meter-aperture telescope). Bottom left: Anisoplanatism effects after real-time compen-
sation by the AO at the FOV center of ten controllable modes (tip–tilt, focus, astigmatism, and coma). Bottom
right: Anisoplanatism effects after tip–tilt compensation at the FOV center by the system. The intensity of the
magnetic field along the horizontal direction at the center of the image is indicated for each case.

4. Conclusion

We have presented a study to evaluate the adaptive optics (AO) system limitations in regard
to the scientific requirements expected for magnetic-field extrapolations, and data-driven
magnetohydrodynamic (MHD) simulations of large fields of view. Questions we have ad-
dressed include: Can ground-based telescopes with AO systems fulfill the requirements of
extrapolations and data-driven MHD simulations? In other words, are large fields of view
a few arcminutes in size accessible at high spatial resolution from the ground? Irrespective
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Figure 11 Evaluation of the Fried resolution in the field of view (2 × 2 arcminutes2) after tip–tilt compen-
sation (right), and (left) for a low-order AO system after correction of ten controllable modes (tip–tilt, focus,
astigmatism, and coma). Spatial resolution indicated is derived in the case of a four-meter class telescope at
λ = 1.6 μm. By comparison, the resolution without correction is only 0.53 arcsecond (r0 = 72 cm).

of the science goals associated with small fields of view (e.g., magnetic field and plasma
dynamics of the network, the interwork, or sunspot penumbrae), reliable, regular magnetic-
field measurements at active-region-scale (several arcminutes wide) fields of view are indeed
most relevant for investigations on flares, and on CME triggering and development, which
are part of the growing effort in understanding space weather. Based on the seminal work by
Hufnagel as well as measurements based on atmospheric-turbulence profiles, we show first
that the visible-wavelength domain still remains difficult to explore with a ground-based
telescope using a classical AO system. The isoplanatic field of view resulting from the com-
pensation of a classic AO system is only a few arcseconds at the diffraction limit for typical
conditions of atmospheric turbulence, i.e. r0 = 10 cm, which occur more than 50% of the
time in solar observatories. The field of view does not reach more than 13 arcseconds for
exceptional values of r0 = 22 cm, which are known to occur no more than 2% of the time.
These figures, in addition to the well-known degradation of the spatial resolution away from
the isoplanatic domain with AO, seem to be incompatible with reaching multi-arcminute
active-region-scale fields of view.

The problem of anisoplanatism is already known to be the major difficulty for ob-
servations of extended sources (Sanakarasubramanian and Rimmele, 2008). The classi-
cal AO system is unable to reach the required performances in the visible wavelength
range under normal observation conditions. A new generation of AO systems such as
multiconjugate adaptive optics (MCAO) systems (Langlois et al., 2004) must be envis-
aged to expect larger fields of view. Due to its extended nature, the Sun is an ideal
object for which to develop MCAO techniques; they become a priority in overcom-
ing the severe limitation of conventional AO systems (Rimmele, 2006; Berkefeld, 2006;
Rimmele et al., 2010). Wide-field adaptive optics has been demonstrated recently in the
laboratory in view of an implementation on a real system for night-time observations (Cos-
tille et al., 2010). A challenging new approach called multi-object adaptive optics (MOAO)
has been recently demonstrated for night-time observations with a deformable mirror driven
open-loop, and controlled through a tomographic reconstruction by three guide stars (Gen-
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dron et al., 2011). Nevertheless, to the authors’ knowledge, there is no MCAO system work-
ing routinely on the sky at this time.

Second, we show that the infrared spectral domain remains the only possibility to obtain
large fields of view using classical AO systems for large-aperture telescopes. One noticeable
advantage comes from the higher sensitivity of the IR spectral lines to determine the mag-
netic flux from spectropolarimetric observations with ground-based observations at 1.56 μm
(Beck and Rezaei, 2009) and at 1.083 He I (Kuckein, Centeno, and Martinez Pillet, 2010) to
study chromospheric dynamics.

For a classical AO system, it has been shown that the best image quality is obtained by
limiting the system correction capabilities to an adequate number of spatial modes (Gendron
and Léna, 1994). The expected isoplanatic field of view at diffraction is four times larger in
the 1.6 μm IR band than in the visible range (i.e., 20 instead of 5 arcseconds) for usual
conditions of observation (r0 = 10 cm), but it still remains far too small to cover a whole
active region in a single scan. Exceptional turbulence conditions with r0 = 22 cm, which
occur 2% of the time at best, increase this field of view up to 35 arcseconds. This is still
too small to tackle the multi-arcminute field-of-view cases listed in Section 1, but it now
allows for the study of small ephemeral active regions. Achieving mosaics from multiple
scan passages may be an answer to obtaining active-region-scale multi-arcminute fields of
view. The feasibility of this challenging observational protocol for spectropolarimetry is yet
to be demonstrated on large aperture solar telescopes with AO systems.

Acknowledgements We are grateful to the referees, who helped us in addressing many potential counter-
arguments which could be raised against the results obtained in this study. Simulations are based on observa-
tions made with the French–Italian THEMIS telescope operated by CNRS and CNR on the island of Tenerife
at the Spanish Observatorio del Teide of the Instituto de Astrofísica de Canarias.

Appendix A: Derivation of the Residual Wavefront Error

New techniques to simulate effects of anisoplanatism based on image reconstruction have
been recently proposed (Aubailly, Roggeman, and Schultz, 2007). In order to evaluate the
limitations due to anisoplanatism, we adopted a theoretical analysis based on the modal
control of the adaptive optics (AO) system. Modal control is a helpful tool in AO to man-
age optimal correction in terms of temporal and angular decorrelation of turbulent wave-
fronts. We use the Mellin transform technique to evaluate the effects of anisoplanatism on
the performance of AO systems (Chassat, 1989; Sasiela, 1988; Molodij and Rousset, 1997;
Molodij and Rayrole, 1998; Molodij, 2011). We derive the optical transfer functions (OTFs)
to evaluate the degradation in the field of view due to anisoplanatism after AO compen-
sation. The OTFs are evaluated for a Zernike expansion following the Wang and Markey
(1978) approach. The statistics of the Zernike coefficients for an expansion of Kolmogorov
turbulence phase distortion were derived by Noll (1976) and applied to calculate the OTFs
for a point source (Wang and Markey, 1978). In order to determine the compensation quality
in a field of view, the residual phase variance over the telescope aperture is expressed ex-
panding the turbulent wavefront on the Zernike polynomials (or modes). The properties of
Zernike polynomials [Zj ] are well described by Noll (1976), whose notation is adopted. The
wavefront φ(r, α) incoming from a determined area on the Sun, located at angular distance
α from the on-axis observed direction, is expanded as (piston mode removed)

φ(Ru, α) =
∞∑

j=2

aj (α)Zj (u), (19)
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where u is the normalized position vector in the aperture, R the radius of the telescope
aperture, and the aj (α) the Zernike expansion coefficients given by

aj (α) =
∫

d2uW(u)φ(Ru, α)Zj (u), (20)

introducing the Noll normalization function:

W(u) =
{

1
π
: if |u| ≤ 1,

0: elsewhere.
(21)

So, the polynomials Zj(u) normalized over the telescope aperture are defined in polar coor-
dinates (u, θ) by

Zj(u, θ) = √
n + 1

⎧⎪⎨
⎪⎩

Rm
n (u)

√
2 cos(mθ) : if j even, and m 	= 0,

Rm
n (u)

√
2 sin(mθ) : if j odd, and m 	= 0,

R0
n(u) : if m = 0

(22)

and

Rm
n (u) =

n−m
2∑

s=0

(−1)s(n − s)!
s![ n+m

2 − s]![ n−m
2 − s]!u

n−2s , (23)

where n is the radial degree of the j th polynomial, and m its azimuthal frequency.
Let φ̂(Ru) be the estimated wavefront reconstructed by the AO system on the first J

polynomials from the measurements. In this article, noise in the wavefront measurement is
not considered; therefore, we write:

φ̂(Ru) =
J∑

j=2

ajZj (u). (24)

The residual phase variance σ 2(J,α) is estimated for an AO system having J degrees of
freedom, and for an angular distance α between the two directions:

σ 2(J,α) =
∫

d2uW(u)
〈(
φ(Ru, α) − φ̂(Ru)

)2〉
. (25)

Using the orthogonality properties of Zernike polynomials, Equation (19) and Equation (24),
and the stationarity hypothesis, the residual phase variance is

σ 2(J,α) =
∞∑

j=J+1

〈
(aj )

2
〉+ 2

J∑
j=2

[〈
(aj )

2
〉− 〈

aj (α)aj (0)
〉]
. (26)

This result is classical in the estimation of wavefront residual error on the Zernike poly-
nomial (Chassat, 1989; Rousset, 1993; Molodij and Rayrole, 1998). We recognize the first
term as the fitting error when the AO system corrects the first J polynomials. It has been
given by Noll (1976). The other term on the right-hand side of Equation (26) is the spatial
and angular wavefront error.
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The residual error can be written as

σ 2(J,α) =
∞∑

j=2

〈
(aj )

2
〉−

J∑
j=2

[
2
〈
aj (α)aj (0)

〉− 〈
(aj )

2
〉]

︸ ︷︷ ︸
A(j,α)

. (27)

The quantity A(j,α) is the spatial and angular error for the corrected polynomial Zj . Cor-
rection by the AO system will be effective when A(j,α) is greater than zero for each poly-
nomial Zj , i.e. when

〈aj (α)aj (0)〉
〈(aj )2〉 ≥ 0.5 (28)

Now, the Zernike coefficient angular correlations [〈aj (α)aj (0)〉] between the two wave-
front directions can be derived as indicated in Valley and Wandzura (1979), Chassat (1989),
Molodij and Rousset (1997), Molodij and Rayrole (1998). Therefore, the Zernike coefficient
angular correlation can be written as

〈
aj (α)aj (0)

〉 = 3.895(n + 1)

(
D

r0

) 5
3
∫ Latm

0 dhC2
n(h)In,m( αh

R
)∫ Latm

0 dhC2
n(h)

, (29)

where r0 is the Fried parameter, D the telescope diameter [D = 2R], C2
n the turbulence

profile, h the altitude along the propagation path from the Sun to the telescope, and using
the notation x = αh

R
,

In,m(x) = sn,m

∫ ∞

0
dK K− 14

3 J 2
n+1(K)

[
J0(Kx) + kjJ2m(Kx)

]
, (30)

with

kj =
{

0: if m = 0,

(−1)j : if m 	= 0,

sn,m =
{

1: if m = 0,

(−1)(n−m): if m 	= 0,
(31)

where K is the Fourier space of the Zernike polynomials in polar coordinates (Noll, 1976).
To calculate the residual phase variance of Equation (26), we consider first that the num-

ber [J ] of corrected polynomials is chosen so as to include all the polynomials of the max-
imum radial degree [N ]. Knowing that there are n + 1 polynomials per radial degree n, we
therefore have J = (N+1)(N+2)

2 .
Second, the azimuthal-frequency symmetry properties of Zernike coefficient correlations

are useful. Summation over all azimuthal frequencies of a radial degree leads to only a
radial-degree dependence. Then, using Equation (29),

σ 2(N,α) = 3.895

(
D

r0

) 5
3
[ ∞∑

n=1

(n + 1)2In,0(0) −
N∑

n=1

(n + 1)2

×
{

2

∫ Latm

0 dhC2
n(h)In,m( αh

R
)∫ Latm

0 dhC2
n(h)

− In,0(0)

}]
. (32)
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The integral In,m(x) of Equation (30) can be evaluated in closed form using Mellin transform
techniques as proposed by Sasiela and Shelton (1993), and expressed in terms of rapidly
converging series. This integral is transformed into a Mellin–Barnes integral, and is then
expressed as a sum of generalized hypergeometric functions. As demonstrated by Sasiela
and Shelton (1993), the properties of Mellin transforms and gamma functions are useful in
problems dealing with wave propagation in turbulence. This technique is applied here to
solve the integrals in Equation (30), Equation (60), and Equation (61).

The Mellin transform pair is given by

F(s) =
∫ ∞

0
dK Ks−1f (K),

f (K) = 1

2iπ

∫ σ+∞

σ−∞
ds K−sF (s). (33)

The general form of the integral to solve has been presented by Chassat (1989), and can be
written as (η = 14

3 )

I (x) =
∫ ∞

0
dK K−ηJα(K)Jγ (K)Jβ(xK). (34)

From the properties of the Mellin transforms (Colombo, 1959; Dautray and Lions, 1987),
and using Fn(s) = ∫ ∞

0 dK Ks−1Jn(K), the integral becomes

I (x) = 1

(2iπ)2

∫ c+∞

c−∞

∫ c+∞

c−∞
Fα(s)Fβ(t)x−tFγ (−η − t + 1 − s)ds dt. (35)

Tables of Mellin transforms (Colombo, 1959; Dautray and Lions, 1987; Sasiela and Shelton,
1993) are helpful for solving Equation (35). Moreover, the Mellin transform of functions can
usually be expressed as a ratio of gamma functions. We use the following notation:

�

[
x1, x2, . . . , xn

y1, y2, . . . , ym

]
= �(x1)�(x2) · · ·�(xn)

�(y1)�(y2) · · ·�(ym)
. (36)

We have for Jn the nth-order Bessel function of the first kind:

Fn(s) = 2s−1�

[
s
2 + n

2
n
2 − s

2 + 1

]
with Re(−n) < Re(s) <

3

2
. (37)

It leads to the Mellin–Barnes integral

I (x) = 1

(2iπ)2

∫ +i∞

−i∞

∫ +i∞

−i∞
�

[ −s − t + α−η+1
2 , t + β

2 , s + γ

2
1 + t + s + α+η−1

2 ,1 − t + β

2 ,1 − s + γ

2

]

× 2−ηx−2t ds dt. (38)

This integration can be performed using the method of pole residuals. The value of the
integral, as given by Cauchy’s formula, is just 2π i times the sum of the residuals at the en-
closed poles. The result can be expressed in terms of generalized hypergeometric functions
(Abramovitz and Stegun, 1965). For instance, in the interesting case x = αh

R
> 1, the integral

is given by

I (x) = F4

[
1

2

(
α + γ + β − 11

3

)
,

1

2

(
α + γ − β − 11

3

)
, α + 1, γ + 1; 1

x2
,

1

x2

]
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× �[ 1
2 (α + δ + β − 11

3 )]
�[γ + 1]

�[ 1
2 (α + γ − β − 11

3 )]
�[α + 1]

× (−1)2p+2q

−π
2− 11

3 x
−ni−nj + 5

3 sin

(
π

2

(
α + γ − β − 17

3

))
, (39)

where

F4

(
α,β, γ, γ ′;x, y

) =
∞∑

m=0

∞∑
n=0

(α)m+n(β)m+nx
myn

(γ )m(γ ′)nm!n!

with the notation (a)n = �(a + n)

�(a)
. (40)

When the function is expressed in terms of generalized hypergeometric functions, the in-
tegral leads to the more restrictive convergence condition that can be expressed as αh

R
< 2.

This condition determines the maximum field of view that can be reached using this method.
The limited convergence domain encountered in the evaluation of integrals involving

the product of three Bessel functions was first remarked by Tyler (1990). Chassat (1989)
proposed a method using the Bessel recurrence relation:

Jμ+2(K) = 2(μ + 1)

K
Jμ+1(K) − Jμ(K). (41)

Two easily evaluated Mellin integrals appear:

I1(x,μ,β,η) =
∫ ∞

0
dK K−ηJ 2

μ(K)Jβ(Kx),

I2(x,μ,β,η) =
∫ ∞

0
dK K−ηJμ(K)Jμ+1(K)Jβ(Kx). (42)

With the notation μ = inf(α, γ ) and σ = |α − γ |, Equation (34) becomes

I (x) =
∫ ∞

0
dK K−ηJμJμ+σ (K)Jβ(xK) = I (μ,σ,η,β)(x). (43)

The Bessel recurrence relation becomes the recurrence between Mellin integrals, which can
be written as

I (μ,σ − 1, η,β) = 2(μ + σ − 1)I (μ,σ,η + 1, β) − I (μ,σ − 2, η,β). (44)

Now, we can use the Mellin transform tables to solve I (x,μ,β,η), and I (x,μ,β,η) which
can be expressed as Mellin–Barnes integrals of the following type:

1

2π i

∫ c+i∞

c-i∞
G(t)F (1 − t − η)xt+η−1 dt, (45)

where G and F are the Mellin transforms of g and f respectively. g and f are defined as

{
f (aK) = Jβ(Kx)

g(K) = J 2
μ(K)

to solve I1(x,μ,β,η), (46)
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{
f (aK) = Jβ(Kx)

g(K) = Jμ(K)Jμ+1(K)
to solve I2(x,μ,β,η). (47)

We have the Mellin transforms

g(K) = J 2
μ(K) −→ G(s) = 1

2
√

π
�

[
s
2 + μ, 1−s

2
μ + 1 − s

2 ,1 − s
2

]
,

with Re(−2μ) < Re(s) < 1, (48)

g(K) = Jμ(K)Jμ+1(K) −→ G(s) = 1

2
√

π
�

[
s+1

2 + μ,1 − s
2

μ + 3−s
2 , 3−s

2

]
,

with Re(−2μ − 1) < Re(s) < 2. (49)

The Mellin transform of f (Kx) is given by Equation (34). Finally, using Cauchy’s formula,
we find:

If x ≤ 2

I1(x,μ,β,η) =
∞∑

p=0

1

2
√

π

(−1)p

p!
(

x

2

)2p+η

×�

[
1
2 + μ + p,

β

2 − p − η

2−p + μ + 1
2 , 1

2 + p,p + β

2 + 1 + η

2

]

+
∞∑

p=0

1

2
√

π

(−1)p

p!
(

x

2

)2p+β

× �

[ 1−η+β

2 + μ + p,−p + η+β

2
μ − p − β+η+1

2 ,
1+η−β

2 − p,p + β + 1

]
, (50)

I2(x,μ,β,η) =
∞∑

p=0

1

2
√

π

(−1)p

p!
(

x

2

)2p+η+1

�

[
3
2 + μ + p,−p − η+1−β

2
μ − p + 1

2 , 1
2 − p,p + η+3+β

2

]

+
∞∑

p=0

1

2
√

π

(−1)p

p!
(

x

2

)2p+β

× �

[ 1−η+β

2 + β + p,−p + η+1+β

2
μ − p + 1 + η−β

2 ,1 + η−β

2 − p,p + β + 1

]
. (51)

If x > 2

I1(x,μ,β,η) =
∞∑

p=0

1

2
√

π

(−1)p

p!
(

x

2

)−2p−2μ+η−1

× �

[
1
2 + μ + p,p + μ + 1−η+β

2
p + 2μ + 1,p + μ + 1,−p − μ + η+1+β

2

]
, (52)

I2(x,μ,β,η) =
∞∑

p=0

1

2
√

π

(−1)p

p!
(

x

2

)−2p−2μ+η−2
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× �

[
3
2 + μ + p,p + μ + 1 − x+β

2
p + 2μ + 2,p + μ + 2,−p + μ + x+β

2

]
. (53)

Appendix B: Derivation of the Optical Transfer Functions

The image quality can be evaluated by comparing the restored image frequencies of the
optical transfer function of an extended source. The optical transfer function after correction
(OTF) can be defined as the mathematical expectation of the cross-correlation function of
the complex amplitude of the compensated wavefront. Assuming that scintillation effects
are negligible, this amplitude can be written as

ψ(r) = exp
{
iφc(r)

}
, (54)

where the wavefront after compensation [φc(r)] is the difference between the wavefront
[φ(r)] coming from the observed source and the estimated wavefront reconstructed by the
AO system from the measurements at angular distance α [φ̂(r)]. For the near-field approxi-
mation, the OTF can be written as

OTF(u, α) =
∫

dr
〈
ψ

(
r + u

2

)
ψ∗

(
r − u

2

)〉
W

(
r + u

2

)
W

(
r − u

2

)
, (55)

where W(u) is the normalized function defined by Equation (21). The phase is a Gaussian
random function (Roddier, 1981). Equation (55) becomes

OTF(u, α) =
∫

dr exp

(
−1

2

〈[
φc

(
r + u

2

)
− φc

(
r − u

2

)]2〉)

× W

(
r + u

2

)
W

(
r − u

2

)
. (56)

The statistics of the Zernike coefficients for an expansion of Kolmogorov turbulence phase
distortion have been applied by Wang and Markey (1978) to calculate the OTF for a point
source case (α = 0). We apply the OTF derived from our method to cases when the observing
source is extended in order to evaluate the degradation in the field of view of the image due
to anisoplanatism after AO compensation.

Using Equations (19) and (24) for the wavefront expansions, the argument of the expo-
nential of Equation (56) can be expressed as

E(r,u) = −1

2

〈[
φ

(
r + u

2

)
− φ

(
r − u

2

)]2〉
− 1

2

〈[
φ̂

(
r + u

2

)
− φ̂

(
r − u

2

)]2〉

+
〈[

φ̂

(
r + u

2

)
− φ̂

(
r − u

2

)][
φ

(
r + u

2

)
− φ

(
r − u

2

)]〉
. (57)

We recognize the first term as the wave structure function. For a Kolmogorov-type turbu-
lence, the wave structure function can be expressed as

〈[
φ

(
r + u

2

)
− φ

(
r − u

2

)]2〉
= D(u) = 6.88

(
u

r0

)5/3

. (58)
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We introduce the notation

Hi,j (r,u) =
[
Zi

(
r + u

2

)
− Zi

(
r − u

2

)][
Zj

(
r + u

2

)
− Zj

(
r − u

2

)]
. (59)

The cross-correlations of the Zernike coefficients [〈aiaj 〉(α)] are calculated when the refer-
ence source target is at angular distance α from the observed source for J corrected modes
by the AO system. The turbulence profiles C2

n used in the calculation of the angular cross-
correlation are presented in Figure 3:

〈[
φ̂

(
r + u

2

)
− φ̂

(
r − u

2

)]2〉
=

J∑
i=2

J∑
j=2

〈aiaj 〉Hi,j (r,u), (60)

〈[
φ

(
r + u

2

)
− φ

(
r − u

2

)][
φ̂

(
r + u

2

)
− φ̂

(
r − u

2

)]〉
=

∞∑
i=2

J∑
j=2

〈aiaj 〉(α)Hi,j (r,u).

(61)

The OTF in the field of view is obtained by evaluating the following numerical expression
as indicated by Wang and Markey (1978):

OTF(u, α) = 4

π

∫ π/2

0
dθ

∫ rmax

0
dr r exp

[
E(r,u)

]
, (62)

with

E(r,u) ≈ −1

2
D(u) +

J∑
i=2

J∑
j=2

[
〈aiaj 〉(α) − 1

2
〈aiaj 〉

]
Hi,j (r,u)

+
Jlimit∑

i=J+1

J∑
j=2

〈aiaj 〉(α)Hi,j (r,u) (63)

and

rmax = −u

2
cos(θ − ϕ) +

√
1 −

[
u

2
sin(θ − ϕ)

]2

, (64)

where ϕ is the argument of u.
To characterize the quality of the image, we use the Fried resolution criteria (Fried, 1966):

R =
∫

OTF(f)df. (65)

The quantity R is proportional to the Strehl ratio [Sr] defined by

Sr =
∫

OTF(f)df∫
T (f)df

, (66)

where T is the transfer function of the telescope (T = 1 without atmosphere).
The resolution angle associated with R is then (Roddier, 1981)

ω =
(

4

π R

)1/2

= 4

π

λ

D

1√
Sr

. (67)
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Figure 12 Isoplanatic FOV after AO compensation of J modes versus J from 1 up to 100 modes. Curves are
computed with the Hufnagel [C2

n ] turbulence profile (r0 = 10 cm at λ = 0.5 μm) (upper curve in black), and a
constant profile (one turbulent layer) with an equivalent Fried parameter (bottom curve in red). Superimposed
stars correspond to the exact derivations. Lines are derived from the asymptotic behavior.

At the diffraction limit, one obtains

ωd = 4

π

λ

D
= 1.27

λ

D
. (68)

Appendix C: Effect of the Turbulence Profile on the Derivations

In Figure 12 we show the small effect of the distribution of the turbulent layers when dealing
with high-order modes of a classical AO system. The modal behavior of the AO (i.e., for a
large number of corrected modes) depends roughly on the mean turbulence profile summa-
tion. The choice for the atmospheric turbulence profile becomes marginal, with regard to
the very large ratio between the required field of view (FOV) for the science case that we
study and our calculated isoplanetic domain. Figure 12 shows the derivation obtained for a
constant-turbulence model made of a single layer with an equivalent Fried parameter. The
isoplanatic domain is half the value obtained with the Hufnagel profile for a large number of
modes (>1000), and remains very small (around one arcsecond). The isoplanatic angle and
the Fried parameter are critical parameters for the design of classical AO systems. The C2

n

profile structure is required for the tomographic reconstruction developed for MCAO, and
will be the parameter used to compare sites for future wide-field AO systems (Fusco and
Costille, 2010). Note that the best solar observations are obtained early in the morning with
night-like conditions, as indicated by the measurements of (Barletti et al., 1973) during the
Joint Organization for Solar Observations (JOSO) campaign, that are instructive in showing
the continuity from night to day. The turbulence is fully developed as the Sun rises to the
zenith. The ground-layer turbulence adds to the night model (increasing with the heat of the
Sun).

The Hufnagel profile is a widely used turbulence model; it is accessible to any researcher
who wants to validate the theory. Statistical studies of the input parameters of the turbulence
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above the Canary Island observatories using metereological databases have been compared
to the modeling (Chueca et al., 2004). At the Haleakala site, a median value of r0 of 9.7 cm,
the result of 92 307 measurements for 651 days from January 2002 to August 2004, has
been derived for daytime measurements (Bradley et al., 2006). The Hufnagel model C2

n(h)

is given by

2.72 × 10−16

[
3

(
V

27

)2(
h

10

)10

exp(−h)

]
+ 10−16

(
h

1.5

)− 2
3

, (69)

with an altitude h expressed in kilometers and with wind velocity V in m s−1. The profile is
integrated from 10 m to 20 000 m to obtain a Fried’s parameter r0 = 10 cm at λ = 0.5 μm.
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