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A B S T R A C T

The system of Saturn's inner satellites is saturated with many resonances. Its structure

should be strongly affected by tidal forces driving the satellites through several orbit±orbit

resonances. The evolution of these satellites is investigated using analytic and numerical

methods. We show that the pair of satellites Prometheus and Pandora has a particularly short

lifetime (,20 Myr) if the orbits of the satellites converge without capture into a resonance.

The capture of Pandora into a resonance with Prometheus increases the lifetime of the

couple by a few tens of Myr. However, resonances of the system are not well separated, and

capture results in a chaotic motion. Secondary resonances also disrupt the resonant

configurations. In all cases, the converging orbits of these two satellites result in a close

encounter. The implications for the origin of Saturn's rings are discussed.
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1 I N T R O D U C T I O N

The orbital evolution of planetary satellites is governed primarily

by tidal interactions between the satellites and the central planet,

and by their mutual gravitational interactions. The dynamics is

relatively well known for the systems of Uranus (Dermott,

Malhotra & Murray 1988; Tittemore & Wisdom 1988; Tittemore

& Wisdom 1989; Duncan & Lissauer 1997) and of Neptune

(Banfield & Murray 1992). For the system of Saturn, an additional

effect, stemming from the resonant interactions between the

satellites and the main rings, raises numerous problems concern-

ing the evolution of the small inner satellites. This paper addresses

the question of the tidal evolution and mutual interactions between

the small inner satellites of Saturn.

These satellites, with radii of only 15 to 89 km are smaller than

Mimas (radius ,200 km), and are difficult to observe from the

Earth because they orbit close to Saturn's bright rings, at distances

ranging from 2.2 to 2.5 Saturn radii. Discovered with ground-

based telescopes during the 1966 and 1980 Saturn ring plane

crossings and by the Voyager 1 and 2 spacecraft, these small

satellites include Pan, orbiting within the Encke gap, Atlas, just

outside the outer edge of the A ring, the two F ring shepherds

(Prometheus and Pandora) and the two co-orbital satellites (Janus

and Epimetheus). Prometheus, Pandora, Janus, Epimetheus and

Mimas are responsible for numerous resonant spiral waves

observed in the main rings, which in turn result in a significant

transfer of angular momentum from the rings to the satellites

(Goldreich & Tremaine 1982). As external satellites extract

angular momentum, their orbits expand. Calculations based on the

formula for the linear satellite torque predict remarkably short

time-scales �# 100 � 108 yr� for the orbital evolution of the

satellites (Lissauer, Peale & Cuzzi 1984; Lissauer, Goldreich &

Tremaine 1985).

The latest crossings of the Earth and Sun through Saturn's ring

plane in 1995±96 have provided the best opportunity to observe

Saturn's small inner satellites from Earth until the year 2004 when

the Cassini orbiter will start its exploration of the saturnian sys-

tem. The combined analysis of Voyager observations in 1980±81

and those of the Hubble Space Telescope (HST) in 1995±96,

together with several ground-based telescopes (Nicholson et al.

1996), showed a surprising Prometheus' lag of about 198 with

respect to its expected position. Subsequent HST observations

made in 1996, 1997 and 1998 showed that this lag is increasing by

approximately 0.6 deg yr21 (French et al. 1998). French et al.

(1999) discovered that Pandora's mean motion was ,4 deg yr21

less than expected, corresponding to an increase in the semimajor

axis of 1.8 km. These lags, larger than the predicted lags from the

back-reaction from the ring tidal torques, complicate the time-

scale problem for the F ring satellites. However, previous and

current investigations (Murray & Giuliatti Winter 1996; Dones

et al. 1999; Showalter, Dones & Lissauer 1999) indicate that these

lags could be due to short-term interactions with the F ring for

Prometheus and with Mimas for Pandora. As the goal of our

research is to understand the long-term dynamics (several tens of

Myr), we study the orbits of the small satellites affected only by

the long-term effects due to the tidal torques, and to their mutual

interactions.

Two mechanisms have been considered to reduce the outward

evolution of satellites. Since angular momentum may be

transferred outward in resonant interactions between satellites,

the small inner satellites could be locked in orbital resonances
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with Saturn's outer moons. However, Prometheus and the co-

orbital satellites are not near any low-order resonance with an

outer moon at the present time. Only the outward motion of

Pandora could be reduced, because it is extremely close to a 3:2

commensurability with Mimas (Borderies, Goldreich & Tremaine

1984). The effect of this commensurability was recently dis-

covered. HST observations between 1996 and 2000 reveal that a

periodic signature in Pandora's mean longitude with an amplitude

of about 0.8 deg and a period of 580 d is superimposed on the slow

drift (French et al. 1999). While this drift, like that of Prometheus,

is unexplained, the oscillatory component matches both in

amplitude and phase the expected perturbation due to the nearby

3:2 corotation resonance with Mimas (Dones et al. 1999). How-

ever, as discussed later, this effect should be only transient and not

affect the long-term dynamics which is studied in this paper. A

second mechanism which could reduce the orbital expansion is

that the angular momentum transfer might be overestimated, but

this has not been proved yet.

Another possibility for increasing the lifetime of this ring±

satellite system is presented in this paper. It involves the resonant

configurations encountered by the inner satellites with time. It is

generally accepted that numerous resonances between large

satellites have been established because of the tidal effect due to

the planet, which causes the orbits of the satellites to expand with

rates proper to each satellite (Goldreich 1965). When two

satellites orbitally evolve through an isolated mean motion

resonance, the outcome depends upon whether their orbits are

converging or diverging. If the orbits of two bodies are diverging

as they evolve, both resonant and tidal effects are additive and

resonance trapping does not occur. For converging orbits, a

resonant configuration can be maintained. We will see that

this phenomenon is particularly rapid for the pair Pandora±

Prometheus. Under the effect of a large orbital expansion,

Prometheus can overtake Pandora in less than 20 Myr. However,

we will also see that the presence of numerous mutual resonances

can yield a capture into resonance, which would increase

significantly their lifetime.

In this work, we consider the density wave torques on Saturn's

inner satellites. We use both analytic techniques and numerical

integrations to characterize probable evolution routes of this

multiple ring±satellite system. The combination of these com-

plementary approaches is very helpful, because the theoretical

analysis provides a classification of the general outcomes of

idealized cases (single-resonance theory), while the numerical

method reveal the complexities of the full dynamics. In Section 2

the changes in the satellite orbital radii are considered, and it is

shown that Prometheus and Pandora have very unusual dynamical

behaviours. The analytic and numerical approaches used to study

the dynamics of Prometheus and Pandora are described in

Sections 3, 4 and 5, and then compared in Section 6. Finally,

the lifetime of the system is discussed (Section 7), and the

consequences of this evolution on the formation of Saturn's rings

are investigated (Section 8).

2 P R O M E T H E U S A N D PA N D O R A : A N

U N U S UA L PA I R O F S AT E L L I T E S

The attraction of the tidal bulge raised on a planet by a satellite

outside the synchronous orbit results in a gain of angular momen-

tum by the satellite. This causes the orbit of the satellite to expand.

The rate of change of the semimajor axis a of a satellite (mass m,

orbital velocity V) with time is then
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where MP, RP, QP and k2P are the mass, the radius, the dissipation

factor and the Love number of the planet (Burns 1977). The last

parameter can be related to the dynamical oblateness J2 through

k2P � 4pGrPJ2V
22
P ; where rP and VP are the mass density and

the spin rate of the planet. The orbital history of the satellites

remains generally uncertain because of the lack of knowledge of

the dissipation factor QP and the mass of the satellites.

For the system of Saturn, the evolution of the small moons near

the rings is unique, because the waves resonantly driven in the

rings transfer angular momentum to the moons. Under the

conditions a2r
a

! 1 and �a2r�2
a2 ! Dr

a
! a2r

a
; the rate of change of

the semimajor axis a of a satellite due to the exchange of angular

momentum with a part of ring (mean radius r, width Dr, surface

density s ) is given by (Goldreich & Tremaine 1982)
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Note that the variation in the eccentricity e of a satellite from these

tidal effects is quite negligible during the time-scales considered

here (less than 100 Myr).

Most of the resonances between the inner satellites and the

rings are located in the A ring. The density waves give an

estimation of the ring surface mass density of about s �
40 g cm23 (Rosen et al. 1991). The values of the parameters of

Saturn and of its inner satellites are listed in Tables 1 and 2. Note

that we use the orbital elements as derived from the 1980/81

Voyager observations and not the most recent results of French

et al. (1998, 1999). A comparison of expansion rates given by

equations (1) and (2) shows that the effect of the A ring is

considerably larger than the tidal effect due to the planet for all the

satellites inside the orbit of Mimas (for instance, it is ,1000 times

larger for Prometheus).

If the orbital expansion is playing a significant role, then equa-

tion (2) gives an upper limit for the age of the satellites. Prometheus

(Pandora) should have been at the outer edge of the rings within

the past 10 Myr (70 Myr) for a density of r � 1:2 g cm23: In

Table 1. Physical parameters of Saturn.

GMP² �km3 s22� 3.7931272� 107

RP² �km� 60330
J2² 16298� 1026

k2P³ 0.3
QP³ .1.6� 104

² Campbell & Anderson (1989)
³ Dermott et al. (1988)

Table 2. Physical parameters of small inner satellites.

Satellite a m V
(km) (g) (rad s21)

Mimas² 185480 4.548� 1022 0.772� 1024

Janus³ 151503 1.980� 1021 1.046� 1024

Pandora§ 141712 *4.358� 1020 1.157� 1024

Prometheus§ 139377 *6.542� 1020 1.186� 1024

² Cuzzi et al. (1984)
³ Nicholson et al. (1992)
§ Synnott et al. (1983)
*assuming a density of 1.2 g cm23
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addition, since the expansion rate is proportional to m and to

a5=2=�a 2 r�4; the orbit of the inner and most massive satellite

Prometheus will expand more rapidly than that of Pandora, so that

their orbits are expected to converge with time in the absence of

interactions with other satellites.

At present, these predicted rapid time-scales for orbital

evolution due to resonant torques are purely theoretical, and

they have not yet been confirmed by observations. However, the

density waves have been observed at places predicted by the

theory, and the torques are only a direct consequence of these

gravitational interactions.

If the ring±satellite interactions seem to be a physical reality,

there remains some uncertainty with the quantitative derivation of

torques, and so, with the orbital expansion rate. First, the

imprecise knowledge of satellite masses makes it difficult to

determine the exact values of the torques. However, the fact that

Prometheus is more massive than Pandora is likely to be robust

due to the difference in size. This, combined with the fact that

Prometheus is closer of the rings, ensures the orbital converging.

As suggested in the introduction, the standard torque could be less

efficient than estimated by the linear theory either because of the

formation of gaps at resonant locations (Goldreich & Tremaine

1982) or because of non-linear effects (Brophy et al. 1992).

However, no gap was detected, while the second suggestion

remains unproven.

Note finally that we do not consider the effect of the F ring

located between Prometheus and Pandora on the evolution of

these small satellites. If the F ring is massive, an exchange of

angular momentum with the satellites is possible. In addition,

Murray & Giuliatti Winter (1996) have suggested that there could

have some collisions between Prometheus and the F ring leading

to the lag (Nicholson et al. 1996). So the F ring might have a large

influence on the orbital evolution of this satellite. However, this is

located in a very chaotic zone, which causes the particles to have

short lifetimes of a few tens of thousand years (Poulet & Jancart

2000). This result confirms the works of Cuzzi & Burns (1988),

Scargle et al. (1993) and Poulet et al. (2000), which show from

different arguments the transitory character of the F ring with a

lifetime of a few tens of thousand years at most. In addition, the

dependence of the orbital evolution on satellite mass suggests that

if the innermost body is the most massive, it will likely overtake

and sweep up all exterior material.

In summary, the influence of the F ring on the shepherd

satellites, and more particularly on Prometheus, seems actually

non-negligible only in the short term. As suggested in the intro-

duction, the study of the long-term evolution of these satellites can

then be done without taking into account the interactions with the

F ring.

The two satellites could be locked in orbital resonances with

Saturn's other moons. In order to identify possible resonance

crossings, Fig. 1 shows a model of the tidal evolution of the inner

Saturnian satellites. We have plotted only first-order resonances,

because these are the strongest ones. Because we are interested in

explaining the evolution of Prometheus and Pandora, we have

indicated only those involving these satellites. The evolution of

Epimetheus was also ignored, since it shares Janus' orbit. The

passages through resonances and the possible captures are dis-

cussed in Sections 4 and 6. However, it appears that the

Prometheus/Pandora pair has an unusual evolution because their

orbits converge rapidly, and also because they have encountered

and will encounter numerous commensurabilities. On the other

hand, we will see that the probability of capture of one of shepherd

satellites in a first-order resonance associated with Janus or Mimas

is only a few per cent. This probability, combined with the low

number of resonances crossed (Fig. 1), implies that a capture by

Janus or Mimas remains unlikely, and the effects of other inner
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Figure 1. Variation of orbital radii with time due to tidal dissipation and ring torque. The first-order resonances that Prometheus and Pandora could encounter

are marked with vertical lines. The origin of time corresponds to our epoch.
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satellites on the pair are also unimportant. This explains why we

restrict our study to the stability of the system Prometheus and

Pandora, ignoring the interactions with the other satellites.

3 VA R I AT I O N S O F O R B I TA L E L E M E N T S

To calculate the changes in the orbital elements, two approaches

have been investigated: (1) an analytic method; (2) a numerical

integration of orbits. The analytic approach uses the Lagrange's

equations, which give the variations of the orbital elements of a

satellite in the planar case:
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where the mean longitude l is a function of the mean longitude

at epoch e : l � � n dt 1 e: The angle 4 is the longitude of

pericentre. The quantities aÇ t and nÇ t are the rates of change of the

semimajor axis and of the mean motion due to tides. Note that we

neglect the very small change in e due to the torques. Tidal

dissipation in the satellites results in a change in the eccentricity,

but for small bodies with radii #100 km that have the least

complex thermal histories, no significant thermal activity occurs

(Schubert, Spohn & Reynolds 1986). Thus we did not take into

account this damping of eccentricity. R is the perturbing function

(negative of the perturbing potential), composed of the functions

Rpert due to the other satellite and RJ2
due to the planet's

oblateness. The expression of Rpert can be Fourier-expanded in

series containing resonant terms.1 Below, we consider only the

perturbations of Prometheus on Pandora, whose mass is neglected.

If the subscripts pro and pd refer to Prometheus and Pandora, the

expression for the perturbing function Rpd is then, to first-order in

eccentricity,

Rpd � 2
Gmpro

2apd

�A1epd cosf1 1 A2epro cosf2� �8�

with

f1 � � p 1 1�lpro 2 plpd 2 4pd

f2 � � p 1 1�lpro 2 plpd 2 4pro

A1 � 2�2p 1 1�b� p11�
1=2

1 a
db
� p11�
1=2

da

A2 � 2pb
� p�
1=2

2 a
db
� p�
1=2

da
:

The resonant eccentric angles f1 and f2 are respectively called

the Lindblad angle and the corotation angle, b�m�g define the

Laplace coefficients, and a � apro=apd: The integer p is negative

here, because we are interested in the resonance exterior to the

perturbing body. Note also that A1

j p j , 8
5

for large values of |p|.

The perturbing function due to Saturn's oblateness is (Foryta &

Sicardy 1996, hereafter FS96)

RJ
2
� 1

2
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pdn2
pdJ2
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apd

� �2

1 1
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2
e2
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� �
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4 DY N A M I C S O F E C C E N T R I C R E S O N A N C E

An elegant description of the capture process under the effect of a

slow variation of the system energy, and applicable to the most

common orbital resonances, is found in Henrard & LemaõÃtre

(1983). This analysis relies on the perturbing Hamiltonian,

truncated to a single term containing the resonant term. The

tidal dissipation causes a slow variation of one of the parameters

in the Hamiltonian, which leads to a slow deformation of the

phase-space (Peale 1986). When the satellite encounters a

resonance, two outcomes are possible: capture into the resonance,

or a mere crossing through the resonance. The probability of

capture is examined in Section 4.4. If there is a capture, the slow

deformation of the area within the trajectory corresponds to an

increase of the eccentricity (Section 4.5). However, the physics of

the capture is well described if two assumptions are verified.

(1) The motion is adiabatic, i.e., the area within the trajectory in

the phase-space has to be an invariant of the motion. This

condition is studied in Section 4.3.

(2) The resonances are well separated. This condition can be

roughly quantified in terms of the libration widths (Section 4.2).

The evolution of each resonant argument is approximated by

the perturbed pendulum equation. This will allow us to specify the

two previous conditions and to predict the orbital evolution during

a capture into resonance. The analytic results will be then

compared with the orbital evolutions derived from numerical

integrations (Section 6).

We will see that the condition of the `well-separated'

resonances will not always be satisfied. In this case, the single-

resonance theory becomes inadequate to describe the passage

through or capture into a resonance. In particular, we expect to

identify significant chaotic zones surrounding low-order reso-

nances, and to find that escape from a resonance could occur even

after long periods of stability. In fact, we will find that all the

orbital evolutions of Prometheus and Pandora are unstable.

4.1 Model of pendulum

A resonance occurs when one of the resonant angles is stationary.

We restricted our study to the Lindblad eccentric angle, because

the observed captures into resonance (Section 6) mainly imply this

angle. Thus the perturbing function is limited to f1. From

equation (8), we obtain the second time derivative of f1: �f 1 �
� p 1 1� _npro 2 p _npd 1 � p 1 1� �epro 2 pe�pd 2 �4pd: The perturba-

tions of Pandora on Prometheus being low, and neglecting the

second derivatives in the right-hand member, we find:

�f 1 � � p 1 1� _nprot
2 p _npd; �10�

where _nprot
defines the variation of the mean motion due to the

ring torques. Combining the expression of nÇpd (equation 4) with

equation (10), it follows that

�f 1 � 23p2Cnpdepd sinf1 1 F �11�

1 In this work, we investigate the effects of mean motion eccentric

resonances only, but note that the other classes of resonances (inclined for

instance) may also be important.
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with

C � GmproA1

2npda3
pd

F � � p 1 1� _nprot
2 pn_pdt

:

Equation (11) is the perturbed pendulum equation. It defines the

motion of the resonant angle for eccentricities larger than a critical

value, derived in equation (13). The different motions of f1 can

then be described in the phase-space (f1, fÇ 1). There is a libration

of f1, which is separated from circulation by the separatrix that

passes through the unstable equilibrium point. The variation of the

energy of the system due to the tidal effects slowly modifies the

phase-space, allowing transition from circulation to libration, i.e.,

capture.

Equation (11) was obtained by assuming that eÈpd and 4È pd are

negligible. Now, by combining equations (6), (7) and (8), we have,

to lowest order in eccentricity,

�4pd � C2

2

1

e2
pd

sin 2f1

�epd � 2
C2

4
sin 2f1:

Since �4pd < �epd=e2
pd; the term 4È pd will always dominate eÈpd,

which can be ignored. Furthermore, for small eccentricity, we

have

�f 1 � 23p2Cnpdepd sinf1 2
C2

2

1

e2
pd

sin 2f1 1 F: �12�

The variations of f1 will then be dominated by 4È pd only if the

eccentricity is lower than

�epd�crit ,
4

15jpj
Gmpro

n2
pda3

pd

 !1=3

; �13�

which implies �epd�crit , 2 � 1024 for jpj . 40: This critical

eccentricity, one order smaller than the actual value of eccen-

tricities of Pandora, means that the contributions due to 4È pd and

eÈpd can actually be neglected, thus validating equation (11).

4.2 Width of a resonance

The maximum libration of f1 determined by the separatrix gives

the boundaries of all values of a and e for which the trajectory is

said to be in resonance. For a pendulum given by equation (11)

without the tidal effect, the maximum deviation of mean motion

from the exact commensurability of the mean motions is (Dermott

& Murray 1983)

Dnpd � ^

�����������������������
12npdjCjepd

q
:

From Kepler's third law, the corresponding variation in semimajor

axis is Dapd � 2 2
3

apd

npd
Dnpd: Considering large values of |p|, which

simplifies the expression of C, one gets
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jDnpdj ,
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p apd
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jpjmpro

MP
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r
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The width of the resonance depends both on the mass ratio of the

secondary to the primary and on the square root of the eccentricity.

For any eccentricity lower than (epd)crit, 4È pd is no longer

negligible. In this case, Wlib is obtained by considering the

expression of the maximum variation of Dnpd given by Winter &

Murray (1997). We have computed the variations of libration

widths for the system Prometheus±Pandora, and the results are

shown in Fig. 2. The continuous lines show the parabolic shape

resulting from including the effects due to small e. For very small

eccentricities, the dotted lines indicate that the resonances overlap.

The resonances are pushed outward according to the orbital

expansion of Prometheus, which is larger than that of Pandora.

The resonances will then overtake Pandora, so that this latter will

encounter successively the resonances p � 241;242;¼ in the

future, with possible captures. The satellites will not remain in

resonance if the disrupting effects of tidal forces are too strong.

This phenomenon is quantified by evaluating the tidal effects on

the evolution of the resonant angle. In a resonance, the angle f1

oscillates with amplitude less than 2p. For the resonance to be

stable against the tidal effects, the sign of fÈ 1 must change.

Equation (11) then requires

F , 3p2jCjnpdepd:

Consequently, stability of a resonance against tidal dissipation is

obtained for eccentricities larger than

�epd�stab � 5

12jpj3
a3

pd

Gmpro

F < 1 � 1027; �15�

for p � 240: (epd)stab is still lower for the other inner satellites.

This raises the question: why is Pandora not in resonance with

Prometheus or any other inner satellites? A possibility is that

Pandora was captured, then ejected. However, its eccentricity is

similar to those of other satellites, which probably means that it

has never been captured into resonance. A clue will come from the

estimation of the probability of capture, which is evaluated in

Section 4.4.

4.3 Adiabatic criterion

The description of the resonant motion can be investigated if the

Figure 2. Libration regions in (a, e) space derived using the pendulum

approach for different Lindblad resonances. The dashed line is the libration

width derived by neglecting the pericentre contribution, and the solid line

includes this contribution. The locations of the nominal semimajor axes are

indicated at the top of the diagram. Pandora is located by the diamond.

There is no overlap of the libration regions. The V-shapes move following

the expansion rate of Prometheus, which is larger than that of Pandora.

Therefore, Pandora will be overtaken by the Lindblad resonances.

Dynamical evolution of the Prometheus±Pandora system 347

q 2001 RAS, MNRAS 322, 343±355



tidal effects are not too important. More specifically, the rate

_apd/apd

ÿ �
must satisfy an adiabatic criterion in the vicinity of the

resonance. A minimal requirement is that the change in a produced

by tides in one libration period Tlib is much smaller than the ampli-

tude Wlib of the oscillations in a due to the first-order resonance:

� _apd�t T lib ! W lib:

This condition defines a critical value of the rate of orbital

expansion given by

_apd

apd

� �
adia

� W lib

apdT lib

� �
: �16�

Using the expression of Tlib given by Dermott et al. (1988), the

adiabatic condition is shown in Fig. 3. The tidal rate (dotted line)

is much smaller than the critical value (continuous line), so that

the adiabatic condition is satisfied for the situation of interest. This

allows use of the classical techniques of adiabatic invariant to

derive the probability of capture into resonance.

4.4 Probability of capture

Passage through resonances has been much simplified by the work

of Henrard & LemaõÃtre (1983; See also Borderies & Goldreich

1984, Peale 1986 and Dermott et al. 1988). If the orbits of two

bodies are diverging as they tidally evolve, both resonant and tidal

effects are additive and resonance trapping does not occur. In this

case, passage through the resonance results in a jump in

eccentricity. For tidally converging orbits, a resonant configura-

tion can be maintained under the following condition: the capture

is certain if the resonance is encountered with an eccentricity

lower than a critical value ecapt. For initial eccentricities higher

than ecapt, capture into resonance is probabilistic. For example,

Dermott et al. (1988) give the critical value of the eccentricity for

which the capture is certain. In our case � p , 240�; this gives

ecapt ,
8
���
6
p mpro

MP

5jpj 1 1
mpd

mpro

apro

apd

� �2
" #

8>>>><>>>>:

9>>>>=>>>>;

1=3

, 5 � 1024: �17�

Pandora will encounter the resonance with a larger eccentricity.

We have to introduce the probability of capture, whose expression

is given below (Dermott et al. 1988):

Pc � 1 if epd , ecapt �18�

Pc <
2

33=4p

ecapt

epd

� �3=2

if epd . ecapt: �19�

Considering the present eccentricity of Pandora, the probability of

capture for Pandora is about 8 � 1023: So, this low probability

allows us to understand better why Pandora is not in resonance

with Prometheus in spite of the numerous resonances already

encountered (Fig. 1).

The probability of capture in a first-order resonance associated

with Janus or Mimas is a few per cent. So a capture by an inner

satellite remains very unlikely in the future except for a capture by

Prometheus.

4.5 Orbital evolution into resonance

The low probability derived previously does not exclude the

possibility of a future capture, given the numerous resonances that

Pandora will cross. Our numerical experiments will indeed show

that it can occur (Section 6). The evolution of tidally evolving

bodies once captured in resonance has been modelled by many

past works (Peale 1986; Dermott et al. 1988). Here we just recall

the expected evolutions of the semimajor axis and the

eccentricity.

A capture into resonance means that the ratio of mean motions

(here, npd=npro� remains constant in spite of continued expansion

of the orbits from tidal interactions, i.e.,

1

apd

dapd

dt
� 1

apro

dapro

dt
: �20�

The eccentricity of a body is affected by its orbital energy and

its angular momentum. From the Jacobi constant, the variation in

eccentricity De is approximatively given by

eDe < 2
DE

2E
:

Since E is negative, a gain of energy increases the eccentricity. A

more rigorous approach can be done by using Lagrange's

equations. In a resonance, the mean value of the second time

derivative of the resonant argument is zero. From equation (11),

we obtain Cepdksinf1l � F/3p2npd; where k l denotes time

average. To lowest order in the orbital elements, equation (5)

becomes

k _epdl
epd

� F

3p2npde2
pd

:

F being positive, the eccentricity increases, and the average

evolution of epd in a resonance is

kepdl �
�������������������������������������������

2

3p2

F

npd

�t 2 t0�1 e2
0pd

s
; �21�

where e0pd
is the initial eccentricity at time t0 of the beginning of

the capture.

Figure 3. Criterion of the adiabatic motion. The rate of orbital expansion

_a/a� �t (dotted line) is much lower than the critical value _a/a� �adia (contin-

uous line) defined by the adiabatic criterion. Recall that this condition is

valuable only for the eccentricities larger than (epd)crit (equation 13).
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5 N U M E R I C A L M E T H O D

The analytic model that describes the mutual perturbations

between Prometheus and Pandora will be compared with

numerical simulations. The classical numerical approach consists

of integrating the equations of variation of the orbital elements

given by equations (3)±(7). However, this method is numerically

very slow. Moreover, the perturbation mainly occurs during a few

revolutions around the conjunction. A possible approximation is to

replace the effect of an encounter by an impulse. Such a method

was used by FS96 in the study of the dynamics of Neptune's arcs.

In this context, they developed a symplectic mapping, that

provides the perturbations in the case of the restricted problem of

three bodies. In this section we present the adaptation of the FS96

mapping for the system Pandora±Prometheus, which is a non-

hierarchical system.

The general philosophy of the symplectic mapping is described

in FS96. In the case of a satellite±particle system, the orbital

elements of a particle are instantaneously changed at each con-

junction with the satellite. FS96 give the expression of the trans-

formation that provides the new orbital elements of the particle

after an encounter as a function of the old ones. The mapping

reproduces both the high-frequency terms arising from individual

conjunctions, and the low-frequency terms associated with

possible resonances. The variations of orbits are derived from

Hill's equations. Their advantage is that they do not require any

hypothesis about the mass ratios. Consequently, the processing of

the relative motion remains valid for the non-hierarchical case.

Below, we briefly present the implementation of the mapping

which changes with respect to the mapping of FS96.

Let us define the usual complex eccentricities of the satellites,

and of their centre of mass K:

ppro ; epro exp �i4pro�
ppd ; epd exp �i4pd�
pK ; �1 2 n�ppro 1 n ppd:

Let us also define the average semimajor axis:

aK ; �1 2 n�apro 1 napd;

where n � mpd=�mpro 1 mpd�: When n! 0; we find the hierarch-

ical case studied by FS96. The reduced complex eccentricity pj
0 of

any satellite j is: pj
0 � (pj/H) exp�2ilr�; where l r is the common

longitude of the two bodies at conjunction, and H �
mpro 1 mpd/3MP

ÿ �1=3
is the Hill coefficient. We finally deduce

the parameters of the relative motion:

p 0 � 1

H
� ppd 2 ppro� exp�2ilr�

d � apd 2 apro

RH

:

Here, RH � HaK is the mutual Hill's radius of the interacting

bodies. The FS96 mapping provides the variations of the impact

parameter d and the reduced complex eccentricity p 0. In particu-

lar, the value d is taken so that the Jacobi constant is preserved.

We then apply this mapping to get the new values. The new

complex eccentricities and semimajor axis of the satellites are

then:

ppro ; pK 2 nHp 0 exp�ilr�
ppd ; pK 1 �1 2 n�Hp 0 exp�ilr�

apro � aK 2 nRHd

apd � aK 1 �1 2 n�RHd:

This gives the new orbital elements of the satellites.

The changes of the orbital elements given by this mapping must

verify some conditions, which result from the development of

Hill's equations. These conditions focus on the masses, the

semimajor axes and the eccentricities of the satellites. Moreover,

the treatment of an encounter under the impulse approximation

implies that the orbital separation is larger than several Hill's radii.

Knowing the physical elements of the satellites (Table 2), we

verify that

(1) mpro, mpd ! 1

(2) apd 2 apro ! apro; apd

(3) eproapro, epdapd , apd 2 apro

(4) apd 2 apro . 10RH:

Because of these conditions, our simulations break down upon

close approach between the shepherd satellites, and so our

simulations are unable to track the evolution of the system until a

physical collision occurs.

Far from a conjunction, the perturbations between satellites are

negligible. However, between two conjunctions, the satellites

undergo two types of perturbations which are due to the

gravitational potential of the flattened planet and the tidal torques.

The oblateness affects the precession of pericentre of each satellite

as follows:

_4 � GMP

a3

� �1=2
3

2

RP

a

� �2

J2 2
15

4

RP

a

� �4

J4

" #
; �22�

while the satellite mean motion is related to the mean geometric

orbital radius through

n � GMP

a3

� �1=2

1 1
3

4

RP

a

� �2

J2

" #

2
GMP

a3

� �1=2
9

32

RP

a

� �4

J2
2 1

15

16

RP

a

� �4

J4

" #
: �23�

After each conjunction, and the application of the mapping,

equations (22) and (23) provide the new values of orbital elements

of each satellite.

For this work, the orbiting satellites are additionally accelerated

by tidal torques at each time-step according to equations (1) and

(2), even though the torque due to the planet tide is negligible. The

torques also generate a decrease of the eccentricities, but this is

much lower than the interactions induced by the gravitational

perturbations between the satellites. Thus this effect is not

included in our numerical simulations.

This mapping is used in the next section to integrate the motion

of the Prometheus±Pandora pair in orbit around the flattened

planet and undergoing the effects of tidal torques.

6 R E S U LT S : O R B I TA L E X PA N S I O N A N D

C A P T U R E I N T O R E S O N A N C E

We classify our results in terms of evolutions without or with

capture into resonance. All simulations presented here have been

obtained for a satellite density of 1.2 g cm23. The parameters used

for these simulations are listed in Tables 1 and 2. As the densities

are not well known, simulations have also been done with
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densities 50 per cent smaller. The results are qualitatively the same

(Section 7). We launched a set of 40 runs with different values of

the expansion tidal rate which verify the adiabatic criterion. The

integrations were continued until Prometheus and Pandora

experienced a very close encounter, at which point the mapping

is no longer valid.

Evolution without capture: Fig. 4 shows the results of the

numerical integration of the motions of Pandora and Prometheus.

The orbital expansion of Prometheus is about 4 times larger than

that of Pandora. Pandora encounters several resonances without

being captured. Some transient captures occur, leading to a small

excitation of the eccentricity. In fact, these excitations correspond

to the passings through the chaotic zones surrounding the

separatrix (J. M. Petit, personal communication). The drift of

the semimajor axis of Pandora is compared with the drift of the

closest Lindblad resonance to the satellite. The resonances,

moving outward at the orbital rate of Prometheus, overtake

Pandora. During transient captures, the orbital rates of Pandora

and Prometheus are the same. Eventually, the orbits converge and

the outcome of the evolution is a close encounter. This occurs in

less than 10 Myr (or 20 Myr for a density of 0.6 g cm23). The

evolution without capture represents the majority of the evolutions

(Section 7).

Evolution with capture: Fig. 5 shows the typical orbital

evolutions during a capture of Pandora into a Lindblad resonance.

The plotted parameters show features which are characteristic of

first-order single-resonance capture (Section 4), namely: (1) an

increase of the eccentricity of the captured satellite;2 (2) the

conservation of the semimajor axis ratio. However, the capture is

not permanent. At time T < 20 � 106 yr; Pandora escapes from

the resonance. A second capture being very unlikely (Section 7),

the evolution ends by a close encounter. In such an evolution, the

time of the close encounter has been delayed by more than 10 Myr

with respect to the evolution without capture.

Fig. 6 is the predicted evolution of epd (line) from the analytic

formalism (equation 21) compared with the numerical results

(points). We find that the increase is in good agreement with the

analysis given above. Recall that the algebraic modelling is valid

for well-separated resonances. The capture occurs for the p �
259 resonance that is indeed isolated from the neighbouring

resonances for the given eccentricity of Pandora at time of

capture, as shown in Fig. 7. This figure allows us to represent the

set of resonances near Pandora as a function of time. When the

radial separation of the two satellites diminishes, the resonances

get closer together. The analytic modelling of the single resonance

stays valid for jpj , 65: For larger values of jpj; we will see that

the behaviour of Pandora is much more irregular.

Figure 4. Variation of the eccentricities of Pandora epd (top panel) and Prometheus epro (bottom panel), and of the semimajor axis of Pandora apd (middle

panel). This is a typical example of evolution without capture. In the middle panel, the drift apd (continuous line) is compared to the location of the closest

Lindblad resonance to Pandora (dotted line). Pseudo-captures are detected when the dotted and continuous curves are superimposed. During such transient

captures, one sees both the small excitation of the eccentricities and the increase of apd according the rate of Prometheus. They may be due to the proximity of

the other resonances which creates a chaotic zone surrounding the separatrix. After about 9 Myr, there is a close encounter, and the numerical study is stopped

because the mapping is no longer valid.

2 Note that the time-scale of the excitation of eccentricity is much shorter

than that of the damping due to the tides.

350 F. Poulet and B. Sicardy

q 2001 RAS, MNRAS 322, 343±355



Finally, the history of Pandora during a capture can be

summarized in Fig. 8, in which the evolution is followed in the

plane �apd=apro; e�: The motion can be divided into three phases:

before, during and after capture. First, there is decrease of

apd=apro; because the semimajor axis of Prometheus increases

faster than that of Pandora, which leads Pandora to cross several

resonances. During the crossings, its motion is perturbed, and

some transient capture can occur, as in the p � 257 resonance.

Between two resonances, its eccentricity stays constant.

The second stage begins when Pandora encounters the p � 259

resonance. Pandora is then trapped. The ratio of the semimajor

axes oscillates around a fixed value defined by the exact location

of the resonance. However, as mentioned in Section 4.2, the

strength of a resonance increases as the square root of the

eccentricity. The resonances are weak for small eccentricities and

become stronger as the eccentricity increases, i.e., they fill a larger

region in the plane �apd=apro; e�: From a certain eccentricity �e <
8 � 1023 as seen in Fig. 8), the libration regions overlap. Then the

overlapping of resonances is generally used as a criterion for the

onset of chaotic motion. In the evolution studied here, the

trajectory is dragged out toward the chaotic boundary created near

the separatrix. This causes a disruption of resonance. We will see

below that the mechanism of capture into secondary resonances

can accelerate the disruption of the resonant configuration.

The third stage of the motion then begins: Pandora passes

through successive resonances � p � 260;261;¼� without being

captured. None of the simulations showed two successive captures

into resonance. At this point, the integration is continued until the

moonlets experienced a close encounter.

Role of the secondary resonances: A peculiar behaviour, such

as shown in Figs 9 and 10, has been revealed during some

captures. It does not change the increase of the eccentricity, but it

tends to reduce the lifetime of capture into resonance. Once the

Figure 5. Same as in Fig. 4, but in the case of a capture into the Lindblad resonance, p � 259: Note the significant changes in the three parameters at time

T < 4:7 � 106 yr when Pandora gets captured in the resonance. The drift of the semimajor axis of Prometheus is drawn in dashed line in the middle panel.

Pandora escapes from the resonance after a capture of T < 15 � 106 yr; leaving the eccentricity of Pandora at 0.014.

Figure 6. Evolution of the eccentricity of Pandora (thin curve) in isolated,

first-order resonance for p � 259 (Fig. 5). The thick curve shows the

increase in epd predicted by the low-order analytic theory.
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capture is achieved, the eccentricity increases while the ratio of

semimajor axis oscillates around the exact location of the reso-

nance in accordance with the adiabatic invariance of the action in

the single-resonance theory. However, when the eccentricity of

Pandora reaches 0.005 (at T < 9:4 � 106 yr�; the amplitude of

libration of f1 increases. This lasts until the amplitude reaches

2p, at which point there is a disruption of the resonance

trapping. This evolution characterizes the capture into secondary

resonances.

We benefit from the great amount of past work that has

addressed this type of resonance in dynamical studies of the

Uranus system (Tittemore & Wisdom 1989; Malhotra & Dermott

1990) and the Neptune system (Banfield & Murray 1992).

Secondary resonances are commensurabilities between the libra-

tion frequency of a first-order resonance and the circulation

frequencies of a neighbouring resonance. The capture into such

resonance leads to a destabilization of the orbital resonance,

because the trajectory enters near the separatrix of the main

resonance. We track this phenomenon in the evolutions of f1 (Fig.

9) and also apd=apro (Fig. 10). When the eccentricity reaches

0.005, the amplitude of oscillation of apd=apro decreases before

increasing again, and this more strongly than if Pandora stayed in

the main first-order resonance. The satellite, captured into

secondary resonance, adiabatically evolves along the secondary

resonance, and is dragged out towards the boundaries of the first-

order resonance. However, the separatrix is a chaotic layer due to

the accumulation and overlap of secondary resonances, and the

satellite which is forced into such a chaotic layer is expected to

escape from the resonant configuration. After escape, the third

stage of the evolution begins: Pandora continues to cross through

Time = 4.106 years

1.4185•105 1.4190•105 1.4195•105 1.4200•105

a

0.005

0.010

0.015

e

-52-53-54-55-56-57-58

Time = 15.106 years

1.4345•105 1.4350•105 1.4355•105 1.4360•105

a

0.005

0.010

0.015

e

-56-57-58-59-60-61-62-63

Time = 21.106 years

1.4430•105 1.4435•105 1.4440•105 1.4445•105 1.4450•105

a

0.005

0.010

0.015

e

-59-60-61-62-63-64-65-66

Figure 7. Evolution of the trajectory of Pandora seen in Fig. 5 in the diagram (a, e). The V-shaped curves define the eccentric Lindblad resonances. The

resonances move radially from left to right relative to Pandora identified by a diamond. The three snapshots taken at three different times show the position of

the satellite before the capture �T � 4 � 106 yr; top panel), in resonance �T < 15 � 106 yr; middle panel), and after its escape �T < 21 � 106 yr; bottom

panel). When the satellite is trapped into resonance, the eccentricity is pumped.
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the resonances with an eccentricity of order of 0.008. Fig. 11

shows the continuation of the numerical integration. The

behaviour becomes more and more irregular, and can be described

as chaotic.

7 L I F E T I M E O F P R O M E T H E U S ± PA N D O R A

S Y S T E M

The previous work was motivated by the search for stable resonant

configurations of the Prometheus±Pandora system. We showed

that some commensurable orbits could be formed. In order to

obtain statistical results on these evolutions, some 40 simulations

have been done for each set of considered masses �r � 0:6 and

1.2 g cm23). The simulations differ by their rate of orbital

expansion, between 0.9 and 1.1 times the nominal value derived

from equations (1) and (2). The results are shown in Figs 12 and

13 which present the probability of capture and the distribution of

lifetime, respectively.

For each set of masses, all the simulations added together

corresponds to about 1000 crossings through resonances (from

p � 241 to p � 270�: The process of capture depends on epd

before the crossing, but on average epd , 0:004: The probabilities

of capture into one resonance derived from the numerical

integrations are compared with the analytic estimates (equation

19). Under the hypothesis of the single-resonance theory

(adiabatic motion and isolated resonance), we find that the

probability of capture is in very good agreement with the analysis.

However, some captures occur when the resonances were not well

separated. This effect increases the number of capture by about

75 per cent. Note that the results are quantitatively the same for

each mass.

A capture into resonance allows the avoidance of a close

encounter, which usually occurs after 10 Myr (20 Myr for densities

2 times smaller). In that case, a certain stability can be obtained

for several tens of Myr. Once Pandora is ejected from the

resonance, the orbital convergence ends by a chaotic motion.

Eventually, a close encounter occurs, but it is not studied

numerically here, because the symplectic integration validity

Figure 8. Representation of the numerical experiment shown in Fig. 5 in

the plane �apd=apro; e�: With t increasing, we see clearly that (1) the

trajectory first passes through the resonances p � 257; 258 without being

captured; (2) it then gets captured in the 259 resonance leading to an

increase of epd; (3) it escapes from the resonance because of the

overlapping of resonances.

Figure 9. A typical example of the behaviour of the libration angle in a

secondary resonance. Before capture, f1 circulates. Once capture into a

first-order resonance occurs (at about T < 7 � 106 yr�; f1 oscillates

around 1808. A significant change in the behaviour occurs at T <
9:4 � 106 yr; when the amplitude of f1 begins to increase. The trajectory

encounters a secondary resonance. The amplitude continues to increase,

and eventually there is disruption of the resonant configuration. After that,

f1 circulates again.

Figure 10. Evolution of apd=apro for the evolution shown in Fig. 9. The

evolution reads from right to left. The effect of the capture into secondary

resonance is detected from the eccentricity 0.005, where the amplitude of

the libration increases such that the trajectory is rushed toward the chaotic

boundary of the first-order resonances. The trajectory escapes from the

resonance, and continues to cross other resonances.
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breaks down. Let us define the `lifetime' as the time of the orbital

evolution from the present time to a close encounter. Fig. 13

shows the distribution of lifetime for about 40 simulations and for

each set of mass. We classify our results in terms of evolution

without or with capture. In 25 per cent of the simulations, Pandora

is trapped in a resonance. The lifetime of the system can then

reach several tens Myr (the maximal observed lifetime being

75 Myr), against only a 10 Myr for a typical evolution without

capture. The results are similar for the density of 0.6 g cm23

except for a typical lifetime of evolution without capture of about

20 Myr.

Finally, a close approach between the shepherd satellites seems

to be inescapable. The physics of an encounter has been

formulated in the three-body problem (Petit & HeÂnon 1986; Ida

& Kanazawa 1989; Ida & Nakazawa 1989). In most cases, the

orbits of the two bodies are unstable, and they probably evolve

into physical collision. The collisionnal velocity could be large

enough to fragment the satellites and to disperse the fragments

into individual orbits. The physics of such event is beyond the

purpose of its paper, but the consequences of such an evolution

(orbital convergence of two satellite following by catastrophic

collision) on the formation of rings are discussed below.

8 C O N C L U S I O N S

We studied the dynamic behaviour of Saturn's inner satellites.

The role of the eccentric first-order resonances on the evolution of

the shepherd satellites, Prometheus±Pandora, is presented.

Because of resonances with the rings, these satellites extract

angular momentum from the ring system, and therefore they

should evolve outward at different rates of orbital expansion. This

leads to an age on the order of 20 Myr for these satellites. Their

lifetime could be significantly larger if they are captured into

resonance.

The most efficient resonances are defined by commensurabil-

ities p 1 1 : p � p , 0�: The probability of capture is about 25 per

cent. A capture increases the lifetime of the satellites by an order

of magnitude at most, but the mechanism of capture is not

efficient enough for the satellites to avoid a close encounter during

time-scale typical of the age of the Solar system. We observe

spontaneous disruptions of resonances leading to a chaotic motion

because of the strong overlapping of resonances. The orbital

convergence ends by a close encounter.

The problem of the long-term evolution of these satellites is

directly linked to that of the age of Saturn's rings. The physical

phenomena which actually sculpt the Saturn's rings in long-term

have time-scales lower than a few tens of Myr. Two scenarios of

formation of Saturn's rings have been generally considered by

various authors to explain the problem of the short time-scale. The

first consists of a catastrophic destruction of an inner satellite by

cometary impact (Esposito 1986), the second of the destruction of

a comet during a close encounter with Saturn (Dones 1991).

However, it is well recognized that these events were unlikely

during the last hundred Myr (Lissauer, Squyres & Hartmann 1988;

Dones 1991; Colwell 1994; Colwell, Esposito & Bundy 2000).

We discuss here about a new scenario: Recurrent collisions

between inner ring moons have replenished the rings. Satellites

entered into collisions following orbital convergences similar to

the case of Prometheus and Pandora. Each physical collision

between satellites could disrupt them into several large fragments

Figure 11. A broader view of the evolution of apd=apro as showed in

Fig. 10. The evolution reads from right to left. After the disruption of the

resonance, the trajectory becomes unpredictable because of the overlap of

resonances for eccentricities larger than a few times 1023.

Figure 12. Probability of capture into isolated resonance for two densities:

1.2 g cm23 (upper panel) and 0.6 g cm23 (lower panel). The curves derived

from equation (19) are compared with the numerical results represented by

diamonds. The filled diamond represents the probability of capture into

one isolated resonance from the runs (about 40). The open diamond

represents the total probability (1 per cent) of capture in one resonance

even if it is not isolated. The analytic probabilities are computed for the

p � 250 resonance. The value of the eccentricity for a certain capture

(equation 17) is indicated for each set of mass.

354 F. Poulet and B. Sicardy

q 2001 RAS, MNRAS 322, 343±355



plus multiple small particles. The largest fragments, that we call

satellites, are pushed outward by exchange of angular momentum

with the existing rings until a new collision between two satellites

occurs. This creates either new ring particles by catastrophic

collision or a larger satellite by accretion. The age of the rings

since the last collision is then derived by the time-scale of the tidal

evolution of the small moons. An estimate comes from the long-

term stability of Prometheus and Pandora which could reach

several tens of millions of years. If this type of evolution has been

recurrent, the age of the rings could then be greater than 100 Myr.

This would revalidate the scenario of initial rings formation by

disruption of a satellite or a comet.

However, there are some unknowns in this model. If the initial

contribution came from a satellite disruption, this had at least a

mass comparable to that of Mimas. The low mass of the actual

inner satellites (about half of the mass of A ring) tends to indicate

that we see the late stages of this process of regeneration. They

would no longer have enough material to replenish the rings,

unless some moons reaccrete again from the actual rings. More-

over, there are many unsolved questions in the stage of the collision

between two satellites: Are collisions catastrophic? Can the energy

of disruption be large enough to prevent the reaccretion of the

fragments into gravitationaly bound rubble pile? How do create

centimetre-sized particles from bodies several tens of kilometres

in size? We plan to make further efforts in these directions.
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Figure 13. Distribution of lifetime of the system before a close encounter

for the two considered densities. In 25 per cent of the runs, there is a

capture of Pandora in a Lindblad resonance. In these cases, the lifetime of

the system is significantly increased and can reach several tens of Myr. The

vertical dashed lines separate the runs without captures (left) from the runs

with captures (right).
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