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Modelling Cepheid pulsations: basic background  
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  Contributions from  : Samadi R., Cordier D., 
Marquette J.P, Piau L.    

  I     1 - What is a Cepheid? 
        2 -   Cepheid pulsations
 II     Numerical modelling     
   

Warning: tutorial , not a review --> : basic   and non exhaustive 

(theoretical definition)

  (P-L; P-R; R21)



            HR diagram 

log L/Lsol

Cepheids are pulsating stars with spectral type F- K.

Masses for Galactic Cepheids range between 2 - 50 Msol

Evolutionary stage: mostly burning He in the core and H shell 
burning 

blue loops:

Tip of excursion toward the
 blue after red giant branch

-->
Existence of a 
Mass-Luminosity relation
(M-L)



OGLE2 data 
for SMC I mag

                                       BE          RE

                  

Intersection
 with instability strip:
 almost vertical 

BE = blue edge
RE=  red edge

From Cordier et al



Mass- luminosity relation: 

M-L relation: log L= a log M + b

On main sequence, overshoot added , given its mass, a
  star  is  more luminous: b =   b+ 0.25
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Effect of   treatment of convection in evolutionary  models

log L/Lsol

log Teff From Samadi



t ev >> t kh >> t dynTime   scales: 

Dynamical ----> pulsation  time  scale
 t dyn ~27 mn for the Sun;  ~ 1 day for a Cepheid.

                                   M         Lsol

 t ev(H) ~  1010  y     -----     -----        for  (H burning)  MS stars

                                   Msol       L

 t ev (H) ~ 15 107  y     for   a    5 Msol, 300 Lsol (b Cepheid)
t ev(He) = 0.1 t ev(H) -->       t ev ~ 15 106  y for a Cepheid

        

Thermal time scale :~ amplitude time variation
t KH    ~   105 y 

Evolution



Structure

Second crossing ,  He core burning with H shell burning 
Time scale 

Third crossing, He exhausted inert   core
   Time scale 

Stefan law: At surface : L ~  R2 Teff
4

First crossing: H shell burning; toward the red;   very short phase  t2/10

 log L = 2 log R + 4 log Teff       
            

Tc ~108K T~25 MK T ~106K T~6000K



Structure of a typical 
 galactic cepheid

Y: He abundance

X: H abundance

TC = 1.56 108 K

T bottom env= 25 106 K

From Cordier



Pulsation: characteristics

Radial oscillations: spherically symmetry conserved with the 
oscillation

 r     outward
             reflection 

T     downward

cs
2 ~ P/r  ~ T

refraction 

Acoustic (density perturbation) propagation  in a limited medium

Stationary wave network can 
develope: oscillations
L(t),  R(t), v(t), Teff(t)



Normal mode analysis (~sound : tones):

Fundamental mode w0 :          period  P0 ~ 2 - 50 days 

first overtone  w1:                    period  P1 ~  0.75 P0

second overtone w2                period  P2   ~  0.5 P0  (in some cases) 

                         P0  > P1 > P2   (not harmonics  !)



Sound speed propagation: time scale : time for round trip  2R

P0 = 2 R / cs  but cs
2 = P/r   and hydrostatic eq. P ~ r  g R

ie
P0 ~ 2R/(M/R)1/2  ie   P0  ~   r (-1/2)

 Period-density relation  for classical pulsators

 log P0 = -1/2 log M+ 3/2 log R + c 2R



Observed    light curve   L(t)   and radial velocity  v(t)

Classical cepheids: fundamental mode(P0) , 
s-cepheids: first overtone pulsators  (P1), 
double mode cepheids : double mode pulsators (P0 and P1)
 bump cepheids  (P0 and P2=P0/2)



Wealth of data:  Eros2, OGLE…

Eros 2 data  From  Marquette



OGLE data 
Udalski et al



 d  Cep



Abundance analysis +
 model atmosphere



 Excitation mechanism
•Principle: a usual thermodynamic process: heat gain  at compression

~carnot cycle in the W=P dV >0 sens    work is 'produced'

Thermal energy is transformed into mechanical work 

 going into kinetic oscillation  energy 

•Responsible:  region of partial ionisation of a chemical  element

(abundant enough  He, H or many ionisation degree Fe)

Reason is the behavior of opacity in these regions: increases as T , r 
increases ie at compression ie store energy  at compression instead of 
radiating it more

 

 



Some regions are excitating  (opacity behavior); most   
regions are damping regions:

the net result depends on the efficient of excitation over 
damping

             Efficiency of the excitation mechanism: 

Teff neither too high nor too small as the H, He 
ionisation regions must be at the right (outer) region 
within the envelope

-->  BE  is almost  vertical 

Modelling requires correct opacities and chemical 
composition



   Red edge: quench of pulsation      
       

Sl
2 = (kh cs)

2= l (l+1) cs
2/r2

Convection, in transporting heat from one region to another, 
can  destroy kappa mechanism  efforts of storing energy 
at compression

If  finely tuned with osillation phase

If convection time scale   ~    oscillation period 

This happens for cooler stars

Again a T effect: RE almost vertical

Modelling requires  nonlocal  time dependent turbulent convection 



In first approximation
Instability strip very narrow,  almost vertical in  HRdiagram

       

 Teff ~  (T BE-TRE )/2

  log Teff ~   3.8   Galactic  IS

Teff    ~  constant with   L

Instability strip 



Summary:
M-L relation: log L= a log M + b

 P-r  relation: log P0 = -1/2 log M+ 3/2 log R + c

Stefan law: log L = 2 log R + 4 log Teff                
   

Teff    ~  constant with   L

PLC relation log P0 =  log L (3/4-1/(2a)) + (c+b/2a) -3 log Teff 

P-L relation log P0 =    a©  log L  + b©

a,b,c  hence a©,b© depend on X,Y,Z  and dispersion due to Teff not cst,

Slope   zero point



fundamental

First overtone

OGLE data   From Udalski   



Period luminosity relation  

log P



P-L relation of Cepheids:  distance indicator  

But use with care !!

it requires a correct understanding of the observed P-L relations:

·Overtones obey  different P-L relations: classification of Cepheid type

· Linear or nonlinear BE and RE  ?

· is log P- log L a linear relation  ? Same for short and long period ?

·Metallicity dependence ? 

·Accurate trasnformation   from P-L      to      P-MV-C



Period-radius relation

First overtone

From Marconi et la 03

a" = (-1/a+3/2)
b" = c+b/2a -(2/a)Teff

 log P= a©© logR + b©©  
     

Dispersion due to IS width



Morphology of light curves and radial velocity curves

Several ways for quantifiying various morphologies

One is  Fourier  decomposition: s(t) = sumj Aj cos (wj t+f j)

From Marquette, Beaulieu
 blue:  cos t

 red: cos t + R21 cos(t+f 21)



fundamental

first overtone

SMC 

  OGLE observation

L(t)=A1 cos(w1 t+f 1)+A2 cos(w2 t+f 2)

Fourier coefficients
 R21 = A2/A1     
 f 21  = f 2-2f 1





Limitation amplitude growth 

The excitation mechanism tells us when a mode is unstable 
 ie if  ©tilted© the amplitude of this mode,  A,  increases 
(from a small perturbation) with time

Modelling (linearisation) :   dA/dt = k A      (k>0 unstable mode)

A(t)  ~  A0   e(k t)    

  but

what is the mechanism which decides when the A increase must  stop , 
what it then the final amplitude (finite amplitude)  of the pulsation?

Among several simultaneously unstable modes, which one(s) will win? 



Identified mechanisms: 
·Self saturation:  The unstable mode pumps energy from the thermal
 energy reservoir of the medium  (opacity behavior) (small A increases)
Large A: the mode   gives energy  back to the medium 
 (opacity behavior changes when large excursion due to large A)
Damping in damping regions win over excitation in driving region
Modelling :    dA/dt =  k A + Q A3       (Q<0  saturation)
                  Limit cycle :  A cst  :   ALC

2
  = - Q/k

·Mode interaction: resonances (ex: 1 unstable  A0, 1stable   A2  w2=2w0 )

dA0/dt = k0 A0   +   Q0  A0 A1 ei(f 2-2f 0)t

dA2/dt = k2 A2   +    Q2  A02  

Exchange : double mode  pulsator:   2 instable modes  A0, A1+ medium     

Quantitative studies: hydrodynamical calculations 

Amplitude limitation mechanism and modal selection



II    Numerical  Modelling

Medium : 3 D compressible gaz

Equations of conservation momentum + energy + mass

+   constitutive equations which describes the state of the materiau:

Opacity , nuclear reaction rates, EOS, transport : convection or radiation

+ boundary: atmosphere modelling

Simplification:  
· radial -->  1D    lagrangean description  r(m,t) 
· time scales : dyn and KH   quasi static approximation 
Numerically: discretisation :   X = ( r, v, S)j j =1,N shells
--> Set of 3N equations 1 ….      N



He burning core 

Pulsating envelope

 atmosphere

bo
un

da
ry

shell

radiative transfer 

Model atmosphere 
LTE, NLTE



Radial oscillations concentrated in the envelope:

The burning core is neither affected nor  plays a role in the pulsation

Pulsation can be studied at a given  fixed  evolutionary stage

t ev >> t kh >> t dyn



  Envelope as one single shell of masse m which oscillates with time

1D :           4/3 p r  r3 = m
Pressure gradient (restoring force) 
dP/dr = (0-P)/m
Simplify the hydrodynamical equations

Linearisation r(t) = r0+   dr (t) 

Radial motion:            dr(t) 
Adiabatic motion    :  dS (t) =0
                                               

L0

L(t)=L0+dL(t)

m

One zone model 

 d2dr 
------- + (3 G1-4) G r   dr =0
  dt2

 

 d2r         0-P          Gm
------- =  ----     -      ------
  dt2             m             r2

 



One zone model:     dr   relative displacement 

d2 dr                      ddr
------ +  w2 dr + k -----+ non linear (drq)  = 0
dt                           dt



Set of 3N equations: 
dX
       =       F ( X)   +     boundary conditions B(X) = 0 
dt

Equilibrium:   X0     
  F(X0) = 0   
 m=0 at r=0

         full model  at fixed age
 (from evolutionary calculations)

 output: L, Teff, R

envelope model   

M, (Xh, Z)  input

Equilbrium: X0
bottom condition L  imposed
  at   T ~  106 K 
no pulsation  below

M, (Xh, Z), L, Teff  input

 output:  profiles

Step 1:



Linearisation  -->>   normal mode analysis or eigenvalue problem
ddX                 d F
 ----        =     ------  (X0)    dX      and       dB (X0) = 0 
dt                      dr 

(Note: adiabatic assumption  (dS=0) and appropriate BC --> SturmLiouville problem : 
mathematical properties well known and very convenient)

Assume dX(m,t)  =  dX(m) e s t         with s = i w + k

Numerically :   Linear NonAdiabatic codes (LNA) 

X0

X0

either

or
LNA code 

(special case: LA)

o
u
t
p
u
t

output:eigen properties

 w,k, dr, dT, dS

   for each mode 

-->period P, growth rate(dr,dT,dS)

STEP  2 



X0

X0

either

or

LNA code

w,k, dr, dT, dS

 for initial mode 
perturbation

Hydrodynamical (or nonlinear) calculations (1)

dX
       =       F ( X)
dt
and
  B(X) = 0 

IC: X(0) 
Envelope only

hydrocode

output: L(t), R(t), v(t), T(t)

Fourier analysis
Fourier coefficients



Red  TC hydro
Blue radiative hydro

Eros data from Beaulieu Florida code 1999



X0

X0

either

or

LNA code

w,k, dr, dT, dS

 for initial mode 
perturbation

Hydrodynamical (or nonlinear) calculations (2)

dX
       =       F ( X)
dt
and
  B(X) = 0 

IC: X(0) 
Envelope only

hydrocode

output: L(t), R(t), v(t), T(t)Static model atmosphere

Snapshots at various times
         Teff , g

output: intensity Il  , colors





Radial Velocity 

Light curve





X0

LNA code

w,k, dr, dT, dS

 for initial mode 
perturbation

Dynamic model atmosphere calculations

 IC: X(0) 

dX
       =       F ( X)
dt

Atmosphere  (LTE,NLTE) , shocks, 
plan parallele  

dynamic atmosphere code 

output:  Il , fluxl  

Input:  piston L(t) at bottom



·Microscopic physics : about the same
EOS(~GP), opacity (OPAL+Alexander)

·Radiative transfer:
in inner layers : diffusion approximation

Changes from one code to another: 
treament  in outer layers

·Treatment of partial ionisation regions:
 lagrangean grid or eulerian grid
Adaptive grid  or refined zoning

Various codes- common and different features

Differences  in energy transport: NL time convection  or not



L(t),v(t),R(t)

·Envelope+LNA+hydro :
nonlocal time depend. convection 
based on adapted MLT
Variation from Stellingwerf formalism
Lagrangean adaptive
Florida-Budapest codes 
(Buchler, Kollath et al)

·Fullmodel +LNA+hydro :
nonlocal time depend. convection 
based on adapted MLT
+ static model atmosphere
From Stellingwerf formalism
Lagrangean, refined zoning
Italian group (Bono et al) 

·Full model+LNA:
Pure MLT + radiative LNA
Lyon group (Baraffe et al)

·Envelope+LNA+hydro :
Pure MLT and time dependent radiative 
(Wood et al)

·Envelope+LNA+hydro
Purely radiative
+ static model atmosphere
  (Fokin et al)

Envelope+LNA
+dynamic atmosphere
Purely radiative 
(Sasselov et al)

L(t),v(t),R(t)

L(t),v(t),R(t
)

L(t),v(t),R(t)
Limb d.

Colors,V

Limb d.

R21 f 21 L(t),v(t),R(t
)






















